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· This lesson is intended to show how each formula for the area of familiar geometric figures can be manipulated to become the area of a rectangle. Students will consider a parallelogram, triangle, trapezoid, and a circle and show how each figure can be turned into a rectangle without adding any parts, but rather by manipulating the polygon. This practice will enable students to determine the area of any of the above listed familiar geometric figures by just using the simple length [image: image2.png]


 width area formula of a rectangle.  It will also give a better understanding of the area formula for these familiar geometric figures.  This lesson can be taught with any grade level covering area. 

The NYS MST Standards/ Performance Indicators:

· 6.G.2 Determine the area of triangles and quadrilaterals (squares,

rectangles, rhombi, and trapezoids) and develop formulas
· 6.G.3 Use a variety of strategies to find the area of regular and irregular

polygons

· A.G.1 Find the area and/or perimeter of figures composed of

polygons and circles or sectors of a circle Note: Figures may

include triangles, rectangles, squares, parallelograms,

rhombuses, trapezoids, circles, semi-circles, quarter-circles,

and regular polygons

The 200 NCTM Principles and Standards in School Mathematics:

· Understand and use formulas for the area, surface area, and volume of geometric figures, including cones, spheres, and cylinders.

· Establish the validity of geometric conjectures using deduction, prove theorems, and critique arguments made by others.

Following the conclusion of the lesson students should be able to:

· Communicate how to convert a circle, triangle, parallelogram, and trapezoid into a rectangle.

· Find the area of a circle, triangle, parallelogram, and trapezoid in terms of length multiplied by width.
This lesson is very complex and can be difficult to make sure that each student understands what is actually going on. For this reason we have decided to make this a two day lesson. The first day will be conducting a lab with the students using our “how-to” page for making each shape. These shapes can be made from cardboard, construction paper or wood. These shapes will help the students understand what is really going on by enabling them to go with you through the lesson and possibly even come up with the area formulas on their own, with guidance of course. The next day will actually be going through each of the shapes and learning how each one can be turned into a rectangle taking the area formula to be the length multiplied by the width.
History of Quadrature:
· Quadrature is defined as the construction using only the compass and straightedge of a square having area equal to that of the original plane figure. If the quadrature of a plane figure can be determined, we say that the figure is quadrable.
· The Ancient Greeks were intrigued by the symmetries and subtle logical structure of geometry.

· Seeing as how all constructions done were made with only a compass and an unmarked straightedge, it enabled the Greeks to draw lines and circles.
· The Greeks wanted to build complex shapes from simple shapes. They found that simple and elementary shapes such as squares and rectangles could serve as a foundation for the complex and intricate such as lunes, polygons, and circles.

· Determining the area of an irregularly shaped figure is not easy so turning that figure into a square or rectangle made it easy for the Greeks, and us, to find the area of that shape.
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Journey Through Genius. Canada: John Wiley and Sons Inc., 1990. 11-26.
The Parallelogram
The first geometric shape we will start with is a parallelogram.  Let’s take, for example, the parallelogram below.
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We know that the area formula for a parallelogram is base [image: image8.png]


 height.  For some, the formula is easy to see how it was derived because it is so closely related to the area of a rectangle.  However, for others it might not be so easy.  So now, we will cut the parallelogram and manipulate it to form a rectangle.

To begin, leave one of the bases intact, in this case we will leave the bottom base. First, construct a height from the bottom right vertex. Next, cut up from the end point of the base to make a [image: image10.png]


angle on the other base.  This gives you a [image: image12.png]


 triangle piece cut off.  Next, we move this piece to the opposite side giving us our rectangle.  
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From the illustrations above, we can see that the formula for the area of this rectangle is base [image: image16.png]


 height.  This is also the formula for a parallelogram.  

The Triangle

The next formula to consider is for the area of a triangle.  Let’s look at the triangle below.  
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We know the area formula for a triangle is [image: image19.png]base xheight
2



.  However, even if you know what the formula is, it is hard to see how this formula was derived.  A common way that is area is taught would be to use another triangle, identical to the original, and put the two together to form a parallelogram. Using this method, next you would have the students obtain the area of the parallelogram by taking the product of its height and base and then divide by 2 to get back to the original triangle since it was doubled.  

For this method, however, there is no doubling of the triangle.  The triangle is cut up and manipulated into a rectangle to show us where the formula came from. First, we will construct a linear segment parallel to the base (it’s best if it is also the longest side) that goes through the midpoints of the other two sides. This mid-segment divides the original triangle into two figures with the same height.
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Next, we will construct the height from the top vertex to the base of the smaller triangle giving us two right triangles.  Those two right triangles will be rotated down onto the bottom of the triangle to give us our rectangle.  
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From this picture, we can see the area formula for this rectangle would be base[image: image24.png]‘height



.  This is also the area formula for a triangle.  

The Trapezoid

The trapezoid area formula, [image: image26.png](base, + base; )xheight
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, is one of the harder area formulas to remember.  Looking at a trapezoid, it is even harder to see where the formula comes from.  Let’s begin by looking at a trapezoid.  
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Just like with the triangle, the common method used to teach this would be to use another trapezoid identical to the original, and put the two together to form a parallelogram.  From there, they would tell the students to use the parallelogram area formula of base [image: image29.png]


 height, where the base would be[image: image31.png](base, + base,)



.  After that they would have the students divide by 2 to get back to the original trapezoid.

Again, with this method nothing is doubled.  The trapezoid is cut up and manipulated into a rectangle.  To begin, we start with the longer base, in this case the bottom base, and construct the mid-segment by connecting the midpoints of the other two sides.
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From here, we leave the top base intact.  From the top bases end points we construct perpendicular segments to the mid-segment. Thus, we obtain two right triangles and a rectangle in the upper half of the original trapezoid. These two triangles can be rotated to form a rectangle. 
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This will leave us with two rectangles one on top of the other that, have the same height, or width, namely half the height of the original trapezoid.  We then move the top one over and down to give us one rectangle.  
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Looking at this rectangle, we can see that our length is [image: image37.png]base,



+ [image: image39.png]base,



 and our width is  [image: image41.png]Height



.  This gives us  [image: image43.png](base, +base,)xHeight
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 for the area formula of the resulting rectangle.  This is also the area formula for a trapezoid.  
The Circle
The area formula for a circle, [image: image45.png]


, is one of the more simple area formulas to determine the factors and calculate.  However, how this formula was derived is probably one of the harder ones to see especially in terms of a rectangle.  Let’s begin by looking at a circle.  
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To begin, we will split the circle up into wedges using diameters.  The ideal number of wedges to make for this to really work is infinitely many; however that would take infinite time, so we will use 4 diameters giving us 8 wedges.  
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From here, we will split the circle in half and spread the wedges apart to give us two separate blocks of wedges.  Since the circle is split in half, we know that this straight line will be half the circumference, [image: image49.png]


, or [image: image51.png]


.  We also know the height of each of these triangles will be the radius, r, because r is half of the diameter and we previously split the circle (diameter) in half.  We will then take the two halves of triangles and put them together to make our rectangle.  
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Looking at this parallelogram, we can see that the area is[image: image56.png]
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.  This is also the area formula for our circle.  If we split the circle up into many triangles, our resulting figure would look more like a rectangle, like in the figure below. 
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How to do Your Own Lab Using Quadrature

The best time for this lab would be after you have already introduced the area formulas for the above shapes.  This lab should help students better understand the area formulas and how they were derived.

How to make the figures:

To build the figures, all you need is to follow the prior instructions.  These figures can be built with either construction paper, cardboard, or if you have enough time, you can use wood.  

How to 

There are a few ways to run this lab.  The first option is to just give the students geometric figures.  From there you can give instructions to the students, step by step, on how to cut up the figures in order to make them into a rectangle.  For this method, cardboard or construction paper would be best, because students will have to cut the polygons themselves.  
The second way is to give the students the polygons, but already have them cut up into the pieces needed to make a rectangle.  From there, you can leave it up to the students to make them into rectangles. Wood or cardboard would be better than the paper, using this method.  
The third way is to once again give the students the polygons as a whole.  From there give the students no instructions, and have them cut the polygons themselves in order to make them into rectangles.  This method would be best for advanced students.  For this method, once again, cardboard or construction paper would be the best.
At the conclusion, for which ever method you choose, have the students give the area formula of the obtained rectangle, using the measurements from the original polygons.  The area formulas should match the area formulas from the original polygons.
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Remember, this would look more like a rectangle with infinitely many triangles.
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