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Pancake Pandemonium + Monster Truck Madness = Real-World Related Rates!
This lesson is intended for an AP Calculus class to be exposed to real-world examples of related
rates. A lab will be used to illustrate the supporting principles with hands-on activities. This lesson
is intended for a 45-minut e class.

Relevant Professional Standards:
These goals are stated by the College Board (page 15 of Course Description). Students will:
¥ Model rates of change, including related rates problems.
¥ I nterpret the derivation as arate of change in varied applied contexts, including velocity,
speed, and acceleration.
¥ Use the chain rule and implicit dif f erentiation

Major Instructional Objectives:
Following t his lesson, student s should be able to:
¥ Find the rate of change of alinear variable using a stopwatch, ruler, and calculator.
¥ Find the rate of change of arelated variable by using implicit dif ferentiation and
substitution of values.
¥ Use given inf ormation to sket ch an accurate diagram pertaining to the given problem.
¥ | nterpret whether or not the found related rate makes sense inthe context of the
problem.

Instructional Protocol/Itinerary:

As students prepare for the lab, read through the Fun Facts about Related Rates, explaining that in
days without calculators, mathematicians, such as Newt on and Galileo, f ound ways of finding rates
of change that did not involve derivatives. Depending on the chosen lab experiment, Monster Truck
Madness or Pancake Pandemonium, split the class int o dif f erent groups and give the students the
needed materials for the lab. Bef ore performing the lab, have students predict what they think the
rate of change will be and discuss it intheir groups. Each student should receive a lab worksheet.
Collect the dataand use it to find the first dif ference and aregression line that will best
represent the data and the rate(s) of change. Have students graph their regression lines and ask
them if they make sense inthe context of the problems. For Monster Truck Madness, have each
group write their dataonthe board so the entire class can have all to data.

Materials:
¥ Real World Relat ed Rat es f act sheet
¥ Lab worksheet for each student
¥ Related Rates Hooks/ Solutions page
¥ T1-83, TI-89, or other calculator with data regression computing capabilities, or Excel
¥ Please see attached lab worksheets for materials f or each of the labs



Real World Related Rates
Fast Facts about Relates Rates

What are related rates?
Related rates are problems that involve finding arate that a quantity changes by relating that
guantity to other quantities whose rates of change are known. There are dif f erent methods to solve
these problems, but here are some tips on how to set up and solve related rates problems:
¥ DRAW A PI CTURE
¥ Label which quantities are variable and which are constants
¥ Set up an equation that will help you find the rate you are looking f or
¥ Figure out which variable you want to solve for
¥ When you dif ferentiate, remember you are dif f erentiating with respect to a
variable NOT necessarily represented in your equation (remember the Chain
Rule?), such as time
¥ Ask yourself Does my answer MAKE SENSE?0

What's the point? Why do we need related rates in Calculus?

Related rates are a way of actually seeing arate of change, or in Calculus the derivative!

We nor mally take derivatives with respect to another variable in the problem. By taking the
derivative with respect to time we can see how more than one variable is changing in a sit uation
and how t he dif f erent variables may impact each ot her!

ey Where can I see these in the real world?
E_;__q' | ¥ On anipod! The rate at which you spin the wheel aff ects the rate at which the
——ima || volume increases or how f ast a song/v ideo rewinds or fast forwards.
me— ¥ On acar! Therate at which you push the gas pedal af fects the rate at which
the wheels spin or the rate at which your gas is being guzzled.
l ¥ I nsports! Therate at which anathlete uses musclesisrelated totherate at

! which he or she sweats.

Who came up with all this stuff?

Related rates dat e back at least to 1836, when William Ritchie (17908183 7) published A inciples
of the Differential and | nt egral Calculus. His text included problems
involving related rates.

Rit chie® goal was to simplif y calculus so that non-scholar people could
under stand.

Sir | saac Newt on (of course) did work with related rates but used
dif f erent names.

We@e all familiar with Newton® First Law of Motion: an object in motion
with no forces acting on it, will move in a straight line at a const ant
speed.

Consider a particle moving along the curve y = x?, for example. We know
thisis not aline, but rather a parabola. Newt on would say the two
variables acting on the particle are x and y. and they both change
depending on time.

Newton called a variable that changed over time a fluent and the inst antaneous rate of change
(also called the derivative) of this fluent the fluxion.




Monster Truck Madness!
Goal: The purpose of thislabisto find f unctions that approximate the rates of change of two
Monster Trucks slated to collide at a given time. We want to know how f ast they are going to crash
into each other!

Materials (per group): Pit Crew:
2 yardsticks 4 Markers
1 Metronome (timer) 1Driver
1 Monster Truck 1 Timer y
Masking Tape (at least 15 f eet) 2 Measurers [
4 Markers

Directions:

1 Collect the materials. Make a note if you are going to be Truck A or Truck B.

2. Using the masking tape, make a line at least 15 f eet long on the ground. This will be the
Q@ur bOyour truck is going to f ollow.

3. Line the Markers up along the curb and have the driver get into position at one end. The
timer should pick a spot where the time will start and mark it with aline.

4. Have the driver send the Monster Truck along the curb. When it passes the starting line,
start the timer. As the truck passes the Markers, mark its position on curb whenever you
hear the beat. You should have at least eight marks on the tape to use as data points.
This wor ks well with the metronome set to 90 beats/minute. ** This may t ake some
practice, so be sure to distinguish your practice marks from the act ual data marks**

5. Starting at the LAST MARK you made on the curb, measure the distance to each the
other marks. You should always start with your final mark. Your distance at time t=0 will
be the distance between your starting line and the last mark you made. Fill in your data
chart with these lengths (see next page).

::Sh:wfing Line W=farker BEFORE YOU BEGIN THE EXPERIMENT:

| Do you have a prediction as to what you think
| Truck Path -~ the rate of change of your monster truck will
: be? | s there anything you canrelate thisto

: i A ) ] curk  that you have seen bef ore?

Talk amongst your group members to find out!

Let A(t) be Truck A@distance from the last mark at beat t. Then an approximation for the rate of
change of the positionat time ¢ is given by A(t)" A(t " 1). This is called the first difference, and

we will denote it by F,(t). By finding a regression line that best approximates the first dif f erence

data point's, we will have an estimate of the derivative, or d—A of the best-fit regression line that
dt

represents Truck A® position at time t, or A(t).
Similarly, let B(t) be the distance of Truck Btothe last mark onthe curb at time t and FB(t) be

the first difference of Truck B, or an estimate of d_?



Time (beat) | Truck A Distance | First Difference Truck B Distance First Difference
(in) of Truck A (in) of Truck B
0]
1
2
3
4
5
6
7
8
9
10
11
12

Using your calculator, plot four separate scatter plots and find the best-fit regression line of each
one. Create sketches of the following graphs on a separate sheet of paper with the equations of the
regression lines. This can be done using the Statistics Lists and Calculations.

a. Truck A Distance vs. Time
b. First Difference of Truck A vs. Time
c. Truck B Distance vs. Time
d. First Difference of Truck B vs. Time

Answer the following questions based on your data from the lab.

1. Suppose Truck A and Truck B are approaching each other at a 90° angle. How f ast is the distance
between them decreasing at t=57?

Bistance © between them
Truck &

Truck B

2. How fast is your rate of change from Question 1in miles per hour?




Monster Truck Rally!

Sample Data and Rubric

This AP Calculus lesson can be used as a fun activity in order to get students thinking about real
wor Id applications involving related rates. However, as teachers we need to be able to assess how
much knowledge the students are actually gaining f rom perf or ming such an experiment.

For both of the following two related rates labs, participation and accur ate computations are really
the basis for the students' learning to occur. There should of course be a more basic lesson that

accompanies these activities for a better understanding. We suggest the activity be graded out of
50 points including:

¥ 10 pts for completed table

¥ 10pts if values all make sense/p resent ation
¥ 5 pts active participation

¥ 20 pts computations

¥ 5 pts does it make sense in context of problem

Time (beat) | Truck A Distance First Difference Truck B Distance First Difference
(in) of Truck A (in) (in) of Truck B (in)
o 196.875 189.5
1 159.375 -37.5 150.375 -39.125
2 134.125 -25.25 120.125 -30.25
3 110.5 -23.625 98.5 -21.625
4 94.375 -16.125 85.25 -13.25
5 82 -12.375 61 -24 .25
6 64.625 -17.375 49.625 -11.375
7 52 -12.625 40.625 -9
8 40.125 -11.875 31.125 -9.5
9 31.125 -9 23.75 -7.375
10 20.125 -1 17.25 -6.5
11 10.375 -9.75 8.5 -8.75
12 0 -10.375 0 -8.5
Truck A Distance vs. Time
250
o Quadratic Regression Line:
S A(t) = 0.903t2 " 25.991¢ +187.397
é 100 L
o *
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Time (Beat)




Truck A First Differences vs. Time
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Truck B Distance vs. Time
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Truck B First Difference vs. Time
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Questions:

1 Differentiating A® + B> = C?with respect to time, we can find the rate at which the trucks

2 2 _
are approaching each other, or E: A+B =C
dt 2494 45598 _5c9C
dt dt dt
AdA g8
dt gt _dc
c dt

I f the two trucks are coming together at aright angle, then the distance between them, C, can

be found using the Pythagor ean Theorem: 82° +61> = C>" 10445 =C*" C=102.2 inches.
Plugging in our values we get:

dA _dB
A—+B—
dt dt _dc
c dt
82112379 +61(! 2425 _ dC
1022 dt
| 244031 =9C
beat dt

" in 90 beat 60 min 1 ft i
5 24.403 /n# # # # mile =" 2.08mph
beat min hour 12 in 5280 ft




Group Members:
Pancakes Pandemonium! Date:

Objective: Arethererelated ratesinthe kitchen. Determine how close pancake batter spread is
to the calculus version of the rate of increase of the volume of a circle compared to the rate of
change in its radius.
Mat erials:

¥ Group of 4-6 students

¥ Pancake batter (enough to f eed group), and

grease

¥ 1 pan, spat ula, pitcher, and f unnel

¥ 1 metronome

¥ Ruler

¥ 6 toothpicks (at least)

¥ Excel Worksheet/g raphing paper

=
@

\__/

Group Member_Assignment s:
¥ 1PBatter pourer
¥ 3 BToot hpick holders/m arker of radii
¥ 2 bdata collectors/r ecorders/ measurers

Note: After each pancake is made, the group members should switch assignments.
Every group member should perform every role at least once.

Directions:

1 Each group will start out by collecting the above mat erials (remember to lightly grease the
pan bef ore pouring pancake batter). Place the center toothpick inside the f unnel.

2.The toot hpick holders should mark the radius of the pancake at every second beat of the
metronome (40-60 beats per minute is goodEstay consistent!)

3.The batter pourer should pour the batter through the funnel. Be careful not to move the
center.

4.The recorders should record the distance of each toothpick fromthe center of the pancake.
Make sure to note at what beat each radius occurred.

5.This entire process should be repeated with two more pancakes.

Group Activity:
6.After collecting data, find the first dif ferences between each radius.

7.Using the first dif ferences found in step 6, plot two dif f erent graphs f or each pancake.
a. change inradius over time (beat number)
b. 1% dif f erences over radius measure (cm)

8.Consider that the height of the pancake is relatively uniform. Let & * lcm. Using the

met hod of implicit dif f erentiation discussed in class, do our pancakes show us calculus inthe
kitchen? Graph L:—fversus r.



DATA COLLECTION POINT:

Pancake # 1 Pancake # 2 Pancake # 3
Beat # | Radius 1 Beat # | Radius 1 Beat # | Radius 1
(cm) Dif f erence (cm) Dif f erence (cm) Dif f erence

Pease attach your seven graphs to this lab sheet!




This AP Calculus lesson can be used as a fun activity in order to get students thinking about
real world applications involving relat ed rates. However, as teachers we need to be able to assess
how much knowledge the students are actually gaining from perf orming such an experiment.

Sample Lab Rubric

For both of the following two related rates labs, participation and accur ate comput ations
are really the basis for the studentsQearning to occur. There should of course be a more basic
lesson that accompanies these activities for a better understanding. We suggest the activity is
graded out of 50 points including:

¥ 10 pts for completed table

¥ 10 pts if values all make sense/presentation

¥ 5 pts active participation

¥ 20 pts computations

¥ 5 pts does it make sense in context of problem

Sample data set with calculations

PANCAKE PANDEMONIUMII Change in Radius over Time
Beat | Radius 1g 2 °
# (cm) Difference < 6 e ¢
Q PN 2
0 0 s 4 >
1| 12 12 5., "
2 2.1 0.9 S 0
3 29 0.8 2 o 2 4 6 8 10
4 3.8 09 8 . 101
5 16 08 beat set (each set approx. 1+1/3seconds)
6 5.1 05 We have assumed tha the heightis
I 5.5 04 uniform with 2 & 1cm. Thevolume
3 5.8 0.3 of acylinde isV = mr2h = mr?,
) andthrough|mpllc:|t differentiation,
1st Difference &= omrE Solvmgfor— we aso
P 15 note that ourpounng rateis
5 . ¢ uniform, thustherate of the change
& * o * o of thevolume isaun'rform condant,
2 05 . C. Then— = —. However, in
£ *e
<&
< 0
o istill jug acongant, C, and actsas
- 0 1 2 3 4 5 6 7 .
° ascallngfactor We now graph
Radius of Pancake, r(n), at beat n (cm) =C | | and seetha ourdaa
showsasmllar araph.




1. Take the "L out of Lover” and that's what we are.
Brittney finds out that her boyfriend, Jerome, has cheated on her. After visiting him for
the final time in Rochester, Brittney ends it and speeds away down | -390 South to her
home in Corning. Wanting to prevent his ex from talking to the mistress, Mandy, Jerome
takes the thruway west (I -90) towards Mandy® school in Fredonia. | f Brittney is traveling
74mph and Jerome is driving 82mph, how fast are they leaving love behind after 1/ 2 hour of
separating?

2. How do you make a Relate Rate Dance? - Put a Little Boogie in it
All of Jacob's extensive surgeries and nasal passage scrapings have (unf ortunat ely) gone
awry. He waits in the Ear, Nose, and Throat doctor's of fice waiting area spewing bloody-
snot into a conical paper cup at therate of 4 in®/min. The booger catcher has a height of 5
inches and a base of 3 inches. How fast is the mucous level rising in the cup when the snot is
three inches deep?

3. Save the Penguins!
The captain of an oil rig falls asleep and crashes into the Alaskan coast, very close to a
penguin habitat. |f the oil is spilling out of the rig inthe shape of acircle and the area of
the oil is increasing at a constant rate of 6 miles?/h our, how fast should the penguins run if
they want to stay 1 mile away from the perimeter of the oil when the areais 9 miles®?

4. Brain Freeze!

At alocal gas station, the Slush Puppy® conical dispenser is shooting out slushy goodness.
The dispenser @ diameter and height are both 6 inches, and the JUMBO SLUSHY cup is
cylindrical in shape with a diameter of 6 inches, as well. The rate at which the slushy drains
from the dispenser into the cup is 10 in®/ min.

(@) How fast isthe level inthe JUMBO SLUSHY cup rising when the slushy in the cone
is 5 inches deep?

(b) How f ast is the level of slushy inthe cone falling at that moment ?

Note: always be cautious with what you find on the web, but here are some neat related rates sites
with more f un sample problems.

htt p:/ /w ww.calculus- help.com/ probs199 9/2 problem9.ht mi

htt p:/ /w ww.spar knot es.com/m at h/ calcab/ applicationsof t hederivative/p roblems 1.html




AWESOME RELATED RATES SAMPLE PROBLEMS (SOLUTIONS):

Take the "L out of Lover” and that's what we are.

For this problem we need to use the Pythagorean Theorem. Let B represent Brittney® data, J
represent Jerome@ data and L be the distance between them. By the Pythagorean Theorem,
L*=B°+]° Then2L - = 39%— * —istherelated rates formulaafter taking the derivative.

Ll

Aft '1/2 hour, they are approximat ely 55 miles apart. Substituting our values into the equation,

2035) ; = 2037174} + 2(411(82) = = ~ 110 miles/ hour.

ot

How do you make a Related Rate Dance? - Put a Little Boogie in ‘it!

The volume of a cone is glven by V= -- ‘h. We don(D even need to derive the related rate f ormula

because we know that — = 4T We need tof |nd - When h =3. We can use similar trlangles

"

because we know the dimensions of the cup will not change. The proportlon is then -= f —-r ==

FAly -

So now we can deter mine the volume when = =— ie., t'=;r:f.f—,l h =T'~'" . Nowdlfferentiating

y|eIds - = ;""‘ :— Now substituting our known values, 4 = %-' 23. — — — = 0.566. Thusthe

helght is |ncreaS|ng at arate of 0.566 in/min.
Save the Penguins!

We are given *— = 6. Sowe need tofind the radius, r, but we are worried about » + 1 miles, since
the penguins are trying to stay 1 mile away from the perimeter. We know 4 = %mi* so r = \:

Dif ferentiating, 4 = nr* — — = Er:rj— The radius of our penguins when the area of the oil spill is 9

square miles is J : + 1. Plugging into our equation yields:

Brain Freeze!
a) First note that we don® know the amount of slushy originally in the dispensing cone, except that
is not important because the radius of the slushy in the cone is constant (due to refill), and *— =0.

After d|fferent|at|ng the equation for the volume of acylinder, V" = -7.:;, we have
.o.' 2 A -~

T = g T anrh ;— Substituting in our known values, 10 = =3- *— +2-7- 0= _—_ =—_ Thus

the slushy level in the JUMBO SLUSHY cupisrising at arate of = |n/m in.

b) Inorder to determine the rate at which the height of slushy in the dispenser is decreasing when
the slushy in the cone |s 5 inches deep, we must set up similar triangles. We have,
3— —=3h=6r—=r=- and dif ferentiating yields our relation f or the change in radius verses the

change in helght - = -. Then using our rate for the change in the volume of the cone and our

l’.-" h 1d
”—|-'—1”—'.".—.——"' .

known values: — = j.t : h :I - =10 = —'.1" . We want the

<

of —f_lnches per minute.



