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Smokin' Joe's Catalog of Groups: Dihedral Groups

Given an integer , the   is denoted by  and has8   # Hdihedral group or order #8 8

the presentation

H œ Ø<ß = ± l<l œ 8ß l=l œ #ß = Â Ø<Ùß =< œ < =Ù8
8�"

The group  is abelian and is isomorphic to the Klein four-group.  For ,  is aH 8 � # H# 8

nonabelian group.

Let  be the subgroup generated by .  Since ,  is a normalR œ Ø<Ù < lH À Rl œ # R8

subgroup of  andH8

H œ R ∪ R=

œ Ö/ß <ßá ß < ß =ß <=ßá ß < =×

8
8�" 8�"

Suppose  is odd; for example, the Cayley digraph of  using generating set8 H&

Ö<ß =× is shown in Figure 1.

Figure 1  Cayley digraph for  using generating set H Ö<ß =×&
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Using the Cayley digraph for , it is easy to check thatH&

=< œ < =5 &�5

for each , .  It follows that each of elements , , , , and  has order5 " Ÿ 5 � & = <= < = < = < =# $ %

# H 8.  Likewise, in , with  odd,8

=< œ < =5 8�5

for each , .  Hence, each of the elements in the coset  has order , and5 " Ÿ 5 � 8 R= #
these are the only elements of order .  Since , itself, is a cyclic group of order , we# R 8
have in the case when  is odd that  has  elements of order  and  elements of8 H 8 # Ð7Ñ8 9
order  for each factor  of .  (See .)7 7 8 Cyclic Groups

It also follows that the center  of  is trivial when  is odd.V H 88

Next, suppose  is even, ; for example, the Cayley digraph for  using8 8   % H'

generating set  is shown in Figure 2.Ö<ß =×

Figure 2  Cayley digraph for  using generating set H Ö<ß =×'

Using the Cayley digraph for , it is easy to check thatH'

=< œ < =5 '�5
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for each , .  It follows that each of elements , , , , , and  has5 " Ÿ 5 � ' = <= < = < = < = < =# $ % &

order .  Likewise, in , with  even,# H 88

=< œ < =5 8�5

for each , .  Hence, each of the elements in the coset  has order .  In5 " Ÿ 5 � 8 R= #
addition, the element  has order .  Since , itself, is a cyclic group of order , we< # R 88Î#

have in the case when  is even that  has  elements of order  and 8 H 8 # " # Ð7Ñ8 9
elements of order  for each factor  of , .  (See .)7 7 8 7 � # Cyclic Groups

Also, since , the element  commutes with .  It follows that =< œ < = < = <8Î# 8Î# 8Î# 8Î#

belongs to the center  of  when  is even.  In fact, it can be shown that V VH 8 œ Ö/ß < ×8
8Î#

in this case.

The group  arises often as the group of symmetries of some mathematicalH8

object in the plane or in space.

An  of  is a bijection  that is distance-preserving; that is,isometry ‘ ‘ ‘# # #0 À Ä
for any two points  in the plane,\ ß\" #

\ \ œ 0Ð\ Ñ0Ð\ Ñ" # " #

where  denotes the (Euclidean) distance between the points  and .  Given a subsetEF E F
Y ‘ Y Y Y (a “figure”) of , a  of  is an isometry that maps  to .# symmetry

Given a figure , it is clear that the identity mapping  is a symmetry of .  WeY % Y
leave it as an exercise to show that, if  and  are symmetries of , then so are  andα " Y α�"

" α‰ .  It follows, by SJST (Smokin' Joe's Subgroup Test), that the set of symmetries of

Y , under the operation of composition, is a group.   (In fact, it is a subgroup of the group

of permutations of .)‘#

Example 1: Let  be a positive integer, , and consider a regular -gon .  Without8 8   $ 8 c8

loss of generality, we place  in  (or, the complex plane ) so that its vertices are atc ‘ ‚8
#

the th roots of unity.8

Let's begin with the case , that is, with an equilateral triangle  — refer to8 œ $ c$

Figure 3.  We place its three vertices at the cube roots of unity:

E œ Ð"ß !Ñ œ " # !3ß F œ ß œ # 3ß G œ ß œ � 3
�" $ �" $ �" � $ �" $

# # # # # # # #   È È È È
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Figure 3 An equilateral triangle

(Note that the numbers , , and  are theD œ " D œ Ð�" # $3ÑÎ# D œ Ð�" � $3ÑÎ#" # $
È È

three solutions to the equation ; hence, the name, “cube roots of unity.”)D œ "$

What are the symmetries of ?  Well, any symmetry  of  must map  to ,c c c c$ $ $ $0
and this completely determines , since an isometry of  is completely determined by0 ‘#

the image of any triangle.  Also, since  is distance-preserving, the origin  must be a0 Ð!ß !Ñ
fixed point of .  It follows that  is either (1) a rotation about the origin, or (2) a0 0
reflection about some line through the origin.

Also, since any symmetry of  maps  to , it must permute the vertices , ,c c c$ $ $ E F
and  of .  Thus, any symmetry of  may be regarded as a permutation of ;G ÖEßFßG×c c$ $

that is, as an element of the symmetric group  (see fÐÖEßFß G×Ñ z W$ Permutation

Groups).

From the preceding observations, we may conclude that the following are the

symmetries of , with each symmetry described geometrically and as a permutation ofc$

ÖEßFßG×:

%

3

3

œ œ ÐEÑ

œ ß Ð!ß !Ñß "#! œ ÐEF GÑ

œ ß Ð!ß !Ñß #%! œ ÐEG FÑ

identity

rotation

rotation

‰

# ‰
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5

53 53

53 53

œ ß B œ ÐF GÑ

œ ß C œ $ Bà œ ÐEFÑ

œ ß C œ � $Bà œ ÐEGÑ

reflection -axis

reflection

reflection

È
È# #

Note that , , and .  Thus, the group of symmetries of  isl l œ $ l l œ # œ3 5 53 3 5 c#
$

isomorphic to .H$

Next, consider the case , that is, a square  — refer to Figure 4.  We place8 œ % c%

its four vertices at the fourth roots of unity:

E œ Ð"ß !Ñ œ " # !3ß F œ Ð!ß "Ñ œ 3

G œ Ð�"ß !Ñ œ �" # !3ß H œ Ð!ß�"Ñ œ �3

Figure 4 A square

What are the symmetries of ?  Well, as with , any symmetry  of  mustc c c% $ %0
map  to , and must fix the origin .  It follows that  is either (1) a rotationc c% % Ð!ß !Ñ 0
about the origin, or (2) a reflection about some line through the origin.

Also, as with , any symmetry of  must permute the vertices , , , and c c$ % E F G H
of .  Thus, any symmetry of  may be regarded as a permutation of , , thatc c% % ÖEßF GßH×
is, as an element of  (see ).fÐÖ"ß #ß $ß %×Ñ z W% Permutation Groups
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From these observations, we may conclude that the following are the symmetries

of , with each symmetry described geometrically and as a permutation ofc%

ÖEßFßGßH×:

%

3

3

3

5

53

œ œ ÐEÑ

œ ß Ð!ß !Ñß *! œ ÐEF G HÑ

œ ß Ð!ß !Ñß ")! œ ÐEGÑÐF HÑ

œ ß Ð!ß !Ñß #(! œ ÐEHG FÑ

œ ß B œ ÐF HÑ

œ

identity

rotation

rotation

rotation

reflection -axis

‰

# ‰

$ ‰

reflection

reflection -axis

reflection

ß C œ Bà œ ÐEFÑÐG HÑ

œ ß C à œ ÐEGÑ

œ ß C œ �Bà œ ÐEHÑÐF GÑ

53

53 53

53 53

# #

$ $

Note that , , and .  Thus, the group of symmetries of  isl l œ % l l œ # œ3 5 53 3 5 c$
%

isomorphic to .H%

è

Generalizing the preceding examples, consider a regular -gon , , placed8 8   $c8

in  so that its vertices  are at the th roots of unity, with .‘#
! " 8�" !E ßE ßá ßE 8 E œ Ð"ß !Ñ

If  is odd, then the group  of symmetries of  is generated by:8 K8 8c

3

5

œ ß Ð!ß !Ñß Ð$'!Î8Ñ œ ÐE E á E Ñ

œ ß B œ ÐE E ÑâÐE E Ñ

rotation

reflection -axis

‰
! " 8�"

" 8�" Ð8�"ÑÎ# Ð8#"ÑÎ#

Similarly, if  is even, then the group  is generated by8 K8

3

5

œ ß Ð!ß !Ñß Ð$'!Î8Ñ œ ÐE E á E Ñ

œ ß B œ ÐE E ÑâÐE E Ñ

rotation

reflection -axis

‰
! " 8�"

" 8�" Ð8�#ÑÎ# Ð8##ÑÎ#

In either case, we leave it as an exercise to show that , , and .  Itl l œ 8 l l œ # œ3 5 53 3 5�"

follows that .K z H8 8

è

Theorem 1: Let  be a positive integer, .  The group  of symmetries of a regular8 8   $ K8

8 H-gon  in a plane is isomorphic to .c8 8

è

As with , an  of  is a bijection  that is distance-‘ ‘ ‘ ‘# $ $ $isometry 0 À Ä
preserving; that is, for any two points  and  in ,\ \" #

$‘

\ \ œ 0Ð\ Ñ0Ð\ Ñ" # " #

where  denotes the (Euclidean) distance between the points  and .  Given a subsetEF E F
Y ‘ Y Y Y of  (a “figure”), a  of  is an isometry that maps  to .$ symmetry
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As an exercise, you are asked to show that, given a figure  in , the set ofY ‘$

symmetries of , under the operation of composition, is a group (in fact, it is a subgroupY
of ; see ).Ð Ð Ñß ‰ Ñf ‘$ Permutation Groups

Next, let's work out the group of symmetries for some well-known polyhedra.  A

nice family to study are the regular prisms.  Given an integer , , a  8 8   $ 8regular -prism

has two ends, both of which are regular -gons, and  sides, each of which is a rectangle.8 8
In the case , the regular -prism is also called a ; let's find8 œ $ $ regular triangular prism

its symmetry group.

Example 2: Consider a regular triangular prism  in  with its vertices at:e ‘$
$

E œ Ð#ß !ß "Ñß F œ Ð�"ß $ß "Ñß G œ Ð�"ß� $ß "Ñ

H œ Ð#ß !ß �"Ñß I œ Ð�"ß $ß �"Ñß J œ Ð�"ß� $ß�"Ñ

È È
È È

Any symmetry of  must fix  and permute the vertices; hence, the group ofe$ ^ œ Ð!ß !ß !Ñ
symmetries of  is a subgroup of  (see e$ 'WÐÖEßFßGßHßIß J×Ñ z W Permutation

Groups).  Let's begin by obtaining an upper bound on the number of symmetries of .e$

In general, let  denote the image of the vertex of  under an arbitrary symmetry\ \w

of .  Assume that  can be any element of .  Thus, there are e$
wE ÖEßFßGßHßIß J× '

possibilities for .  Given , there are  choices for , since  must be an edge ofE E # F E Fw w w w w

one end of .  The choices for  and  determine , and hence the symmetry, sincee$
w w wE F G

^EFG 'Ð#Ñ œ "# is a tetrahedron.  Therefore,  has at most  symmetries.e$

Let's find the rotational symmetries of .  For this, we note that the axis of thee$

prism — the -axis in our case — is an axis of -fold rotational symmetry.  Also, any oneD $
of the three lines determined by the center of the prism and the midpoint of one of the

three lateral edges (for example, the midpoint  of ) is a axis of -fold rotationalQ EH #
symmetry.  This yields the following rotational symmetries:

3 3

3 3

3 3

3

" "
‰

" "
# ‰ #

# #
‰

$

œ ß "#! ß D à œ ÐEF GÑÐHI JÑ

œ ß #%! ß D à œ ÐEG FÑÐHJ IÑ

œ ß ")! ß B à œ ÐEHÑÐF JÑÐG IÑ

œ ß "

rotation -axis

rotation -axis

rotation -axis

rotation )! ß C œ $ Bß D œ !à œ ÐEIÑÐF HÑÐG JÑ

œ ß ")! ß C œ � $Bß D œ !à œ ÐEJÑÐF IÑÐG HÑ

‰
$

% %
‰

È
È 3

3 3rotation

Note that  and .  Thus, the subgroup  of rotational3 3 3 3 3 3 3 3 [" # % # " $ #"
#œ œ œ

symmetries is generated by  and , and .3 3 [" # $z H
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Let  denote reflection through the -plane.  Then  is a symmetry of  and5 5 eBC $

5 [ Z e [ ZÂ "# –.  It follows that the group  of symmetries of  has order , that , and that$

Z [ 5[ eœ ∪ .  Here are the remaining six (non-rotational) symmetries of :$

5

53 53

53 53

œ ÐEHÑÐF IÑÐG JÑ œ ß D œ !

œ ÐEI G HF JÑà Ð ÑÐBß Cß DÑ œ Ð�B # $ CÑÎ#ß Ð $ B � CÑÎ#ß�D

œ ÐEJ F HG IÑà Ð ÑÐBß Cß DÑ œ Ð�B # $ CÑÎ#ß Ð� $ B � C

reflection

" "

" "
# #

Š ‹È È
Š ‹È È ÑÎ#ß �D

œ ÐF GÑÐI JÑ œ ß C œ !

œ ÐEFÑÐHIÑ œ ß C œ $ B

œ ÐEGÑÐHJÑ œ ß C œ � $B

53

53

53

#

$

%

reflection

reflection

reflection

È
È

In summary, the group  of symmetries of a triangular prism  is a nonabelianZ e$

group of order .  It has two elements of order , two elements of order , and seven"# ' $
elements of order .  Hence,  has the same “order profile” as does .# K H'

To see that  is isomorphic to , note that  is generated by  and ,  hasZ Z 53 3 53H' " # "

order ,  has order , and' #3#

3 53 53 53 3# " $ " #
�"Ð Ñ œ œ Ð Ñ

Hence, the mapping  determined by  and  is an9 Z 9 53 9 3À Ä H Ð Ñ œ < Ð Ñ œ =' " #

isomorphism.

è

Given a figure  in  or , it is often useful to express a symmetry  of Y ‘ ‘ Y# $ 0
using function notation; that is, by giving  or  as a formula.  The figures0ÐBß CÑ 0ÐBß Cß DÑ
we consider are bounded, and may be placed in  or  so that any symmetry of the‘ ‘# $

figure fixes the origin; that is, the origin is the “center” of the figure.  Thus, any symmetry

of the figure may be considered to be a homogeneous linear transformation.  Hence, we

recall the following result from linear algebra.

Theorem 2: Let  or ) denote the origin of  or .^ Ð œ Ð!ß !Ñ Ð!ß !ß !Ñ ‘ ‘# $

1.  In the case of , given two points  and  and their intended images ‘#
" # "\ \ ]

and , expressed in vector form as]#

\ œ ß \ œ ß ] œ ß ] œ
B B C C
B B C C" # " #

"" #" "" #"

"# ## "# ##
” • ” • ” • ” •

such that , , and  form a triangle, there is a unique homogeneous linear^ \ \" #

transformation  (that is, a linear transformation mapping  to ) such that0 À Ä ^ ^‘ ‘# #

0Ð\ Ñ œ ] 0Ð\ Ñ œ ] Q 0" " # # and .  The multiplier  for  is given by
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Q œ
C C B B
C C B B” •” •"" #" "" #"

"# ## "# ##

�"

that is,  is defined by .0 0Ð\Ñ œ Q\

2.  In the case of , given three points , , and  and their intended images‘$
" # $\ \ \

] ] ]" # $, , and , expressed in vector form as

\ œ ß \ œ ß \ œ ß ] œ ß ] œ ß ] œ
B B B C C C
B B B C C C
B B B C C C

" # $ " # $

"" #" $" "" #" $"

"# ## $# "# ## $#

"$ #$ $$ "$ #$ $$

Ô × Ô × Ô × Ô × Ô × Ô ×
Õ Ø Õ Ø Õ Ø Õ Ø Õ Ø Õ Ø

such that , , , and  form a tetrahedron, there is a unique homogeneous linear^ \ \ \" # $

transformation  such that , , and .  The0 À Ä 0Ð\ Ñ œ ] 0Ð\ Ñ œ ] 0Ð\ Ñ œ ]‘ ‘$ $
" " # # $ $

multiplier  for  is given byQ 0

Q œ
C C C B B B
C C C B B B
C C C B B B

Ô ×Ô ×
Õ ØÕ Ø

"" #" $" "" #" $"

"# ## $# "# ## $#

$" $# $$ "$ #$ $$

�"

that is,  is defined by .0 0Ð\Ñ œ Q\

è

Example 3: Refer to Example 1 and, in particular, to the symmetries of a square.

Exercise: Apply Theorem 2 to show that:

% 3

3 3

5 53

53 53

ÐBß CÑ œ ÐBß CÑß ÐBß CÑ œ Ð�Cß BÑ

ÐBß CÑ œ Ð�Bß�CÑß ÐBß CÑ œ ÐCß�BÑ

ÐBß CÑ œ ÐBß�CÑß Ð ÑÐBß CÑ œ ÐCß BÑ

Ð ÑÐBß CÑ œ Ð�Bß CÑß Ð ÑÐBß CÑ œ Ð�Cß�BÑ

# $

# $

è

Example 4: Refer to Example 2.

Exercise: Apply Theorem 2 to show that:

3

3

3

3

3

"

"
#

#

$

%

ÐBß Cß DÑ œ Ð�B � $ CÑÎ#ß Ð $ B � CÑÎ#ß D

ÐBß Cß DÑ œ Ð�B # $ CÑÎ#ß Ð� $ B � CÑÎ#ß D

ÐBß Cß DÑ œ Bß�Cß�D

ÐBß Cß DÑ œ Ð�B # $ CÑÎ#ß Ð $ B # CÑÎ#ß�D

ÐB

Š ‹È È
Š ‹È È
� 

Š ‹È È

ß Cß DÑ œ Ð�B � $ CÑÎ#ß Ð� $ B # CÑÎ#ß�DŠ ‹È È
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5

53

53

53

53

ÐBß Cß DÑ œ Bß Cß �D

Ð ÑÐBß Cß DÑ œ Ð�B # $ CÑÎ#ß Ð $ B � CÑÎ#ß�D

Ð ÑÐBß Cß DÑ œ Ð�B # $ CÑÎ#ß Ð� $ B � CÑÎ#ß�D

Ð ÑÐBß Cß DÑ œ Bß�Cß D

Ð ÑÐBß Cß DÑ

� 

Š ‹È È
Š ‹È È
� 


"

"
#

#

$ œ Ð�B # $ CÑÎ#ß Ð $ B # CÑÎ#ß D

Ð ÑÐBß Cß DÑ œ Ð�B # $ CÑÎ#ß Ð� $ B # CÑÎ#ß D

Š ‹È È
Š ‹È È53%

è

Additional Exercises

1.  For  odd, , show that .  (Refer to 8 8   $ H ‚ G z H8 # #8 Direct Products and Semi-

direct Products.)

2.  Prove Theorem 1.

3.  Construct the Cayley digraph for

(a)       (b) H H$ %

using generating set .Ö<ß =×

4.  Determine the symmetry group of a regular triangular pyramid that is not a

tetrahedron.  Hint: Place the pyramid in  so that its apex is at  and the‘$ E œ Ð!ß !ß "Ñ
three vertices , , and  of the base are at the cube roots of unity in the -plane.F G H BC

5.  Construct the Cayley digraph for

(a)       (b) H H& '

using generating set .Ö=ß <=×

6.  Determine the symmetry group of a regular square pyramid.  Hint: Place the pyramid

in  so that its apex is at  and the four vertices of the base are at‘$ E œ Ð!ß !ß "Ñ
F œ Ð"ß !ß !Ñ G œ Ð!ß "ß !Ñ H œ Ð�"ß !ß !Ñ I œ Ð!ß�"ß !Ñ, , , and  (the fourth roots of

unity in the -plane).BC

7.  Given a figure , let  and  be symmetries of .  Show that both  and  areY α " Y α" α�"

symmetries of .Y

8.  Generalizing Exercises 4 and 6, show that the symmetry group of a regular -pyramid,8
8   $ H, is isomorphic to .8

9.  Consider a regular -gon, , , whose vertices are at the th roots of unity.8 8   $ 8c8

Erase the right half of each edge (as observed from the origin); call the resulting figure

Y Y8 8 8.  Show that the group of symmetries of  is isomorphic to .G
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It can be shown that, for any bounded subset  of , the group of symmetries ofY ‘#

Y  is isomorphic to  or to  for some positive integer .G H 88 8

10.  The purpose of this exercise is to describe the group  of symmetries of a squareZ
prism  that is not a cube.  Without loss of generality, we place the square prism in e ‘%

$

so that its vertices are:

E œ Ð"ß !ß "Ñß F œ Ð!ß "ß "Ñß G œ Ð�"ß !ß "Ñß H œ Ð!ß�"ß "Ñ

I œ Ð"ß !ß �"Ñß J œ Ð!ß "ß �"Ñß K œ Ð�"ß !ß �"Ñß L œ Ð!ß�"ß�"Ñ

(a) Any symmetry of  must map the top face  to itself and the bottome% EFGH
face  to itself, or must interchange these two faces.  Use this observation to showIJKL
that  has at most  symmetries.e% "'

(b) Note that the -axis is an axis of -fold rotational symmetry, and that there areD %
four axes of -fold rotational symmetry, all lying in the -plane.  Use this observation to# BC
list the eight rotational symmetries of .  In particular, lete%

3

3
"

‰

#
‰

œ ß *! ß D œ ÐEF G HÑÐI J K LÑ

œ ß ")! ß B œ ÐEIÑÐF LÑÐG KÑÐHJÑ

rotation -axis

rotation -axis

(c) Letting  denote the subgroup of rotational symmetries, show that[
[ 3 3œ Ø ß Ù z H" # %.

(d) The reflection  whose mirror is the -plane is a non-rotational symmetry of5 BC
e Z [ Z Z [ 5[%.  Therefore, we see that , that , and that .  List the eightl l œ "' – œ ∪
non-rotational symmetries of .e%

(e) Verify that  and that .  It follows that53 3 5 53 3 5" " # #œ œ

Z z H ‚ G% #

11.  The purpose of this exercise is to describe the group  of symmetries of the -prismZ 8
e ‘8

$, .  Without loss of generality, we place the -prism in  so that the vertices8   & 8
E ßE ßá ßE 8 D œ "! " 8�" in the top face are at the th roots of unity in the plane , and the

vertices  in the bottom face are at the th roots of unity in the planeF ßF ßá ßF 8! " 8�"

D œ �" E F 8 ! Ÿ 3 Ÿ 8 � ", with  a lateral edge of the -prism for .3 3

(a) Any symmetry of  must map the top face  to itself and thee8 ! " 8�"E E âE
bottom face  to itself, or must interchange these two faces.  Use thisF F âF! " 8�"

observation to show that  has at most  symmetries.e8 %8

(b) Note that the -axis is an axis of -fold rotational symmetry, and that there areD 8
8 # BC axes of -fold rotational symmetry, all lying in the -plane.  Use this observation to

show that  has  rotational symmetries.  In particular, lete8 #8

3

3
" ! " 8�" ! " 8�"

‰

#
‰

œ ß Ð$'!Î8Ñ ß D œ ÐE E âE ÑÐF F âF Ñ

œ ß ")! ß B

rotation -axis

rotation -axis
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(c) Letting  denote the subgroup of rotational symmetries, show that[
[ 3 3œ Ø ß Ù z H" # 8.

The reflection  whose mirror is the -plane is a non-rotational symmetry of .5 eBC 8

Therefore, we see that , that , and that .  Thus, the  non-l l œ %8 – œ ∪ #8Z [ Z Z [ 5[
rotational symmetries of  are the elements of .e 5[8

(e) Verify that  and that .  It follows that53 3 5 53 3 5" " # #œ œ

Z z H ‚ G8 #

Hence, if  is odd, then .8 z HZ #8




