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Smokin' Joe's Catalog of Groups: Groups of Order 8

Abelian Groups of Order 8

Up to isomorphism, there are three abelian groups of order :)

A8.1: ™) "'z Y

A8.2: ™ ™% # "& #! $!‚ z Y z Y z Y

A8.3: ™ ™ ™# # # #%‚ ‚ z Y

(See  for more information.)Abelian Groups

Nonabelian Groups of Order 8

Up to isomorphism, there are two nonabelian groups of order :)

N8.1:  (See  for more information.)H% Dihedral Groups

N8.2: , the U quaternion group

U œ Ø+ß , ± l+l œ %ß l,l œ %ß , Â Ø+Ùß + œ , ß ,+ œ + ,Ù# # $

Cayley digraph using generating set :Ö+ß ,×
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Order Profile:
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Lattice of Subgroups:

Note: Nodes denoted with an inverted triangle represent nontrivial normal

subgroups.  Thus, every subgroup of  is normal.U

Nontrivial Conjugacy Classes:

Ò+Ó œ Ö+ß + × Ò,Ó œ Ö,ß , × Ò+,Ó œ Ö+,ß + ,×$ $ $

Automorphism Group: TÐUÑ z W%

Inner Automorphism Group: (Q) Q/\ V ™ ™z z UÎØ+ Ù z ‚U # #
#
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Other Representations:

U KP Ð Ñ is isomorphic to the subgroup of  generated by# ‚

E œ F œ
3 ! ! 3
! %3 3 !” • ” •and

By Cayley's Theorem (see ),  is isomorphic to a subgroup ofPermutation Groups U
W U).  In fact, using the proof of Cayley's Theorem, we obtain that  is isomorphic to the

subgroup of  generated byW)

α "œ Ð" # $ %ÑÐ& ' ( )Ñ œ Ð" & $ (ÑÐ# ) % 'Ñand

Exercise: Is  isomorphic to a subgroup of  for some , ?U W 8 % Ÿ 8 ) )8
w w

w

è

In what follows, we prove that  and  are the only nonabelian groups of orderH U%

8, up to isomorphism.

Let  be a nonabelian group of order , and let  be an element of  of maximumK ) + K
order.  Clearly,  since, if , then  is cyclic, and hence abelian.l+l Á ) l+l œ ) K

Is it possible that ?l+l œ #

Exercise: Let  be a finite group with identity .  Show that, if every nonidentity elementK /
of  has order , then  is abelian.K # K

è

Hence, .  Let , and choose  to have the minimum orderl+l œ % L œ Ø+Ù , − K %L
among the elements of .  SoK %L

K œ L ∪L, œ Ö/ß +ß + ß + × ∪ Ö,ß +,ß + ,ß + ,×# $ # $

We now consider two subcases:

Subcase (a): .  Then  has a unique element of order , and so .l,l œ % K # + œ ,# #

Exercise: Show that .  Thus, a presentation for  is,+ œ + , K$

K œ Ø+ß , ± l+l œ %ß l,l œ %ß , Â Ø+Ùß + œ , ß ,+ œ + ,Ù# # $

It follows that  is isomorphic to .K U

Subcase (b): .l,l œ #

Exercise: Show that Thus, a presentation for  is,+ œ + ,Þ K$

K œ Ø+ß , ± l+l œ %ß l,l œ ß , Â Ø+Ùß ,+ œ + ,Ù2 $

Thus, .K z H%


