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Smokin' Joe's Catalog of Groups: Permutation Groups

Let  be a nonempty set, and let  denote the set of permutations of .  Then\ Ð\Ñ \f
Ð Ð\Ñß ‰ Ñ ‰f  is a group, with  denoting the operation of composition.  Furthermore, this

group is abelian if and only if  is finite with .  Such groups and their subgroups\ l\l Ÿ #
are the object of study in this chapter; they are known as .permutation groups

If  is a finite set with  elements, then we might as well let .\ 8 \ œ Ö"ß #ßá ß 8×
In this case, the group  is denoted by , and is called the fÐ\Ñ W8 symmetric group of

degree .  Note that the identity element of  is the  , defined on8 W8 identity permutation %
Ö"ß #ßá ß 8× ÐBÑ œ B by .%

Example 1: The only permutation of  is ; thus  is trivial.Ö"× W œ Ö ×% %"

If , there are two permutations of : , and the permutation  defined8 œ # Ö"ß #× % α
by  and .  Therefore,  and, since ,  is isomorphicα α % αÐ"Ñ œ # Ð#Ñ œ " W œ Ö ß × lW l œ # W# # #

to .G#

If , there are  permutations of  (since there are  choices for8 œ $ $x œ ' Ö"ß #ß $× $
the image of ; then  choices for the image of ; and finally only one choice for the" # #
image of ).$

Besides the identity permutation , an element of  is the permutation  of% αW$

Ö"ß #ß $× Ð"Ñ œ # Ð#Ñ œ $ Ð$Ñ œ " defined by , , and .  Using array notation, we denoteα α α
α by

α œ
" # $
# $ "” •

In general, for a permutation  of , the  for  isα αÖ"ß #ßá ß 8× array notation

α
α α α

œ
" # â 8
Ð"Ñ Ð#Ñ â Ð8Ñ” •

that is,  is expressed in array notation as a  by  matrix, where the first row of theα # 8
matrix is the vector  and the second row is the vector  .Ò" # ÞÞÞ 8Ó Ò Ð"Ñ Ð#Ñá Ð8ÑÓα α α

Given , we may compute :α α α α# œ ‰

α α α# œ ‰ œ œ
" # $ " # $ " # $
# $ " # $ " $ " #” •” • ” •

For example, .  Then , so  has orderα α α α α α α % α# $Ð"Ñ œ Ð ‰ ÑÐ"Ñ œ Ð Ð"ÑÑ œ Ð#Ñ œ $ œ
$.
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Another permutation of  is , with , , and ; Ö"ß #ß $× Ð"Ñ œ " Ð#Ñ œ $ Ð$Ñ œ #" " " " "
is expressed in array notation as

" œ
" # $
" $ #” •

Note that , so that ." " " % "# œ ‰ œ l l œ #

Given that  is closed under composition, if  and S , thenW − W −8 8 8α "
" α " α α"‰ − W ‰8.  We denote the permutation , using juxtaposition, by , since it is

more natural to apply permutations from left to right, rather than from right to left.

In , for example, we may compute thatW$

α"

α "

œ œ
" # $ " # $ " # $
# $ " " $ # $ # "

œ œ
" # $ " # $ " # $
$ " # " $ # # " $

” •” • ” •
” •” • ” •#

For example, .Ð ÑÐ"Ñ œ Ð ‰ ÑÐ"Ñ œ Ð Ð"ÑÑ œ Ð#Ñ œ $α" " α " α "

Thus,  is a group of order .  We know that there areW œ Ö ß ß ß ß ß × '$
# #% α α " α" α "

two groups of order , up to isomorphism:  and .  In , note that' G H W' $ $

"α α "œ œ œ
" # $ " # $ " # $
" $ # # $ " # " $” •” • ” • #

Thus,  is nonabelian, and has the presentationW$

W œ Ø ß ± l l œ $ß l l œ #ß œ Ù$
#α " α " "α α "

It follows that .W z H$ $

è

In general, , as it is a simple combinatorial argument that the number oflW l œ 8x8

permutations of  is .  Thus, , and .Ö"ß #ßá ß 8× 8x lW l œ %x œ #% lW l œ &x œ "#!% &

Furthermore, if , , and we consider the subgroup  of  defined byK œ W 8   # L K8

L œ Ö − K ± Ð8Ñ œ 8×α α

then it is clear that .  Thus, we may consider  to be a subgroup of  forL z W W W8&" 8&" 8

8   #.

Mathematicians are generally “lazy.”  That is, mathematicians want to convey a

particular idea or concept in as few symbols as possible.  Consider a permutation  of α W8

that is not the identity permutation.  Then, for some , .B − Ö"ß #ßá ß 8× ÐBÑ Á Bα
Consider the sequence

B œ ÐBÑß ÐBÑ œ ÐBÑß Ð ÐBÑ œ ÐBÑß Ð Ð ÐBÑÑÑ œ ÐBÑßáα α α α α α α α α α! " # $
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Since each member of this sequence is an element of , the sequence containsÖ"ß #ßá8×
repeated members.  In fact, it is an exercise to show that the first element to repeat is .B
Let  be the minimum exponent such that ; thus, .  The list5 ÐBÑ œ B 5   #α5

ˆ ‰Bß ÐBÑßá ß ÐBÑα α5&"

is called a  , or - .cycle of length cycle5 5

When a permutation  of  is a -cycle for some , sayα Ö"ß #ßá ß 8× 5 5   #

α œ ÐB ß B ßá ß B Ñ" # 5

then  for each , , and .  That is,  maps each elementα α αÐB Ñ œ B 3 " Ÿ 3 * 5 ÐB Ñ œ B3 3+" 5 "

of the cycle to its successor in the cycle, with the understanding that the successor of the

last element in the cycle is the first element.  Also, for any element  not listed in theC
cycle — that is, for any   — .C − Ö"ß #ßá ß 8× & ÖB ß B ßá ß B × ÐCÑ œ C" # 5 α

For example, consider the permutation  of  given in array formα Ö"ß #ß $ß %ß &ß '×
by

α œ
" # $ % & '
" $ ' % # &” •

Then  is a -cycle, namely, .  Usually, the commas are omitted, and weα α% œ Ð#ß $ß 'ß &Ñ
write .  Note that the expression of  as a -cycle is not unique; here, forα αœ Ð# $ ' &Ñ %
example,

α α αœ Ð$ ' & #Ñ œ Ð' & # $Ñ œ Ð& # $ 'Ñor or

However, by convention, the smallest element of a cycle is usually listed first.

Define the permutation  of  by" Ö"ß #ß $ß %ß &ß '×

" œ
" # $ % & '
% # $ " & '” •

Then  is a -cycle.  The cycles  and  are said to be " œ Ð" %Ñ # Ð# $ ' &Ñ Ð" %Ñ disjoint cycles

since they have no elements in common.  Disjoint cycles commute with each other; for

example, , withα" # "αœ œ

# œ
" # $ % & '
% $ ' " # &” •

Thus, we may express  as a product of disjoint cycles in two ways:#

# #œ Ð" %ÑÐ# $ ' &Ñ œ Ð# $ ' &ÑÐ" %Ñor

Again, the convention is to order the disjoint cycles according to the smallest element

contained in the cycle.
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How should the identity permutation  in  be expressed using cycle notation% W8

(that is, as a product of disjoint cycles)?  Well, if  is a permutation of  andα Ö"ß #ßá ß 8×
αÐBÑ œ B B " Ÿ B Ÿ 8 " ÐBÑ, for some , , then we could use the “ -cycle”  to explicitly

indicate that  fixes .  For example, for the permutations  and  above, it would not beα α "B
incorrect to write

α "œ Ð"ÑÐ# $ ' &ÑÐ%Ñ œ Ð" %ÑÐ#ÑÐ$ÑÐ&ÑÐ'Ñand

The convention, however, is to omit any -cycles from the cycle notation.  But  contains" %
only 1-cycles.  If we omitted all the -cycles, we would be forced to write “ .”  This" œ%
would be confusing, to say the least.  Therefore, the convention is to write

% œ Ð"Ñ

In summary, we have the following result.

Theorem 1: Let  be an integer, .  Then any element of  can be expressed as a8 8   # W8

cycle, or as a product of disjoint cycles.  Furthermore, disjoint cycles commute with each

other.

è

Example 2: Consider the following two permutations in :W)

α "œ œ
" # $ % & ' ( ) " # $ % & ' ( )
$ % & ' ( # " ) ) ( % & ' $ # "” • ” •and

Express, using cycle notation:

(a)       (b) α "

(c)       (d) α "# &"

(e)       (f) α" "α

Solution:

(a)    (b) α "œ Ð" $ & (ÑÐ# % 'Ñ œ Ð" )ÑÐ# (ÑÐ$ % & 'Ñ

(c)    (d) α "# &"œ Ð" &ÑÐ# ' %ÑÐ$ (Ñ œ Ð" )ÑÐ# (ÑÐ$ ' & %Ñ

(e)    (f) α" "αœ Ð" % $ ' ( )ÑÐ# &Ñ œ Ð" ) $ ' & #ÑÐ% (Ñ

Example 3: There are  permutations of ; that is, .  List the%x œ #% Ö"ß #ß $ß %× lW l œ #%%

elements of  using cycle notation.W%

Solution: We list the elements by “type:”

" œ Ð"Ñ-cycle: %



 Permutation Groups 5

# # Ð+ ,Ñ + * ,-cycle: A -cycle has the form , and we may assume that .  Since the

number of ways to choose two distinct elements  and  from  is ,+ , Ö"ß #ß $ß %× GÐ%ß #Ñ œ '
the number of -cycles in  is .  Here they are:# W '%

Ð" #Ñ Ð" $Ñ Ð" %Ñ Ð# $Ñ Ð# %Ñ Ð$ %Ñ

$ $ Ð+ , -Ñ + * , + * --cycle: A -cycle has the form , and we may assume that  and .

Since the number of ways to choose three distinct elements , , and  from  is+ , - Ö"ß #ß $ß %×
GÐ%ß $Ñ œ %, and, once chosen, the largest two of these three elements may be ordered in

# $ W % † # œ ) ways, the number of -cycles in  is .  Here they are:%

Ð" # $Ñ Ð" $ #Ñ Ð" # %Ñ Ð" % #Ñ Ð" $ %Ñ Ð" % $Ñ Ð# $ %Ñ Ð# % $Ñ

% % Ð" , - .Ñ Ð,ß -ß .Ñ Ö#ß $ß %×-cycle: A -cycle has the form , with  a permutation of .

Since there are  permutations of , the number of -cycles in  is ; here$x œ ' Ö#ß $ß %× % W '%

they are:

Ð" # $ %Ñ Ð" # % $Ñ Ð" $ # %Ñ Ð" $ % #Ñ Ð" % # $Ñ Ð" % $ #Ñ

product of two disjoint -cycles:  A product of two disjoint -cycles has the form# #
Ð" ,ÑÐ- .Ñ $ , Ð- .Ñ œ Ð. -Ñ ,.  There are  choices for  and, since , the choice of  determines

such a permutation.  Thus, there are  permutations of  that are products of disjoint -$ W #%

cycles, and here they are:

Ð"#ÑÐ$ %Ñ Ð" $ÑÐ# %Ñ Ð" %ÑÐ# $Ñ

This accounts for all  permutations in .#% W%

è

The fact that any permutation in  can be expressed as a product of disjointW8

cycles lets us easily compute the order of any such permutation.

Theorem 2: Let  be an integer, , and let .8 8   # − Wα 8

1.  If  is a -cycle for some , , then .α α5 5 # Ÿ 5 Ÿ 8 l l œ 5

2.  If  is a product of disjoint cycles, then  is the least common multiple of theα αl l
cycle lengths.

Proof: Let  be an integer, , and let .8 8   # − Wα 8

First, suppose  is a -cycle for some , 2 , sayα 5 5 Ÿ 5 Ÿ 8

α œ ÐB B á B Ñ0 1 15&

Then, for any integer , , and any , ,  maps  to , with the> # Ÿ > * 5 3 ! Ÿ 3 * 5 B Bα>
3 3+>

subscripts computed mod .  Hence, for , .  Thus,  for5 " Ÿ > * 5 ÐB Ñ œ B Á B Áα α %> >
! > !

" Ÿ > * 5.
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However, when ,  for each .  Therefore, ,> œ 5 ÐBÑ œ B B − Ö"ß #ßá ß 8× œα α %5 5

which shows that .l l œ 5α

The second part of the theorem is an immediate consequence of the fact that

disjoint cycles commute with each other and the result that, in a finite group , if theK
elements  and  commute with each other, thenB C

lBCl œ ÐlBlß lClÑlcm

è

It is useful to be able to determine the number of elements of a particular order in

a given finite group.  For example, given integers  and  with  and  a8 7 " Ÿ 7 Ÿ 8 7
factor of , the number of elements of order  in  is .  This fact, along with a8 7 G Ð7Ñ8 9
basic result concerning orders of elements in direct products (see Direct Products and

Semi-direct Products), allows us to determine the number of elements of order  in any5
finite abelian group , once we are able to express  as a direct product of cyclic groups.K K

In a similar way, Theorem 2, along with a couple of basic results from

combinatorics, allows to determine the number of elements of any particular order in .W8

Given a nonempty finite set , an      is a\ \ 7ordered partition of into parts

sequence  of subsets of  such that the subsets are pairwise disjointÐ\ ß\ ßá ß\ Ñ \" # 7

and their union is .  For example, each of  and\ ÐÖ"ß %ß '×ß Ö#ß $ß &ß (×Ñ
ÐÖ"ß (×ß Ö#ß '×ß Ö$ß %ß &×Ñ \ œ Ö"ß #ßá ß (× is an ordered partition of ; the first ordered

partition has  parts, and the second has  parts.# $

Obviously, if , then there is only one ordered partition of  into  part —l\l œ 8 \ "
Ð\Ñ 8x \ 8 — and  ordered partitions of  into  parts, since such ordered partitions

correspond to the permutations of .  In general, we have the following result; for those\
interested, the proof is considered in Additional Exercise 4.

Theorem 3: Let , , and  be integers with .  Then:5 7 8 " * 5ß7 * 8

1.  The number of ordered partitions of  into  parts, with Ö"ß #ßá ß 8× 7 83

elements in the th part, , is , computed as follows:3 " Ÿ 3 Ÿ 7 GÐ8à 8 ß 8 ßá ß 8 Ñ" # 7

GÐ8à 8 ß 8 ßá ß 8 Ñ œ
8x

8 x 8 xâ8 x
" # 7

" # 7

2.  The number of -cycles that can be formed from a given -element subset of5 5
Ö"ß #ßá ß 8× Ð5 & "Ñx is .

3.  The number of -cycles in  is5 W8

GÐ8ß 5ÑÐ5 & "Ñx

è
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Example 4: Apply Theorem 3 to find the number of elements of each possible order in:

(a)       (b) W W& '

Solution: Be reminded that any group has a unique element of order , namely, the"
identity element.  In particular, the identity permutation  is the unique permutation of%
order  in ." W8

For (a), keep in mind that we have only five numbers to work with: , , , , and" # $ %
& '.  Thus, the maximum order we can have is , and this order is attained for a permutation

such as , which is the disjoint product of a -cycle and a -cycle.Ð" #ÑÐ$ % &Ñ # $

Any permutation of order  in  must be a -cycle, or a product of two disjoint -# W # #&

cycles.  A -cycle  is completely determined by the choice of  and  (since# Ð+ ,Ñ + ,
Ð+ ,Ñ œ Ð, +Ñ # W).  Thus, the number of -cycles in  is&

GÐ&ß #Ñ œ œ "!
&Ð& & "Ñ

#

A product of two disjoint -cycles looks like  with  an# Ð+ ,ÑÐ- .Ñ ÐÖ+ß ,×ß Ö-ß .×ß Ö/×Ñ
ordered partition of  into  parts of cardinalities , , and , respectively.Ö"ß #ß $ß %ß &× $ # # "
However, the distinct ordered partitions  and ÐÖ+ß ,×ß Ö-ß .×ß Ö/×Ñ ÐÖ-ß .×ß Ö+ß ,×ß Ö/×Ñ
produce the same permutation, since .  Therefore, the number ofÐ+ ,ÑÐ- .Ñ œ Ð- .ÑÐ+ ,Ñ
distinct permutations of  of the form  isW Ð+ ,ÑÐ- .Ñ8

GÐ&à #ß #ß "Ñ

#
œ "&

It follows that  contains  permutations of order .W "! + "& œ #& #8

A permutation of order  in  must be a 3-cycle and, by Theorem 3, part 3, the$ W&

number of -cycles in  is$ W&

GÐ&ß $Ñ † #x œ #!

A permutation of order  in  must be a -cycle, and the number of -cycles in% W % %&

W& is

GÐ&ß %Ñ † $x œ $!

Likewise, a permutation of order  in  must be a -cycle, and the number of -& W & &&

cycles in  isW&

GÐ&ß &Ñ † %x œ #%
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As mentioned above, the maximum order of any permutation in  is , and aW '&

permutation of order  has the form , with  an ordered' Ð+ , -ÑÐ. /Ñ ÐÖ+ß ,ß -×ß Ö.ß /×Ñ
partition of  into  parts, with  elements in the first part and  elements inÖ"ß #ß $ß %ß &× # $ #
the second part.  Furthermore, each such permutation is uniquely determined by choosing

such an ordered partition, and then making the parts into cycles.  Therefore, the number

of permutations of order  in  is' W&

GÐ&à $ß #Ñ † # œ #!

Our results for  are summarized in the following table:W&

order no. of elements

total

" "
# #&
$ #!
% $!
& #%
' #!

"#! œ &x

(b)  Verify the following table for :Exercise: W'

order no. of elements

total

" "
# (&
$ )!
% ")!
& "%%
' #%!

(#! œ 'x

è

Among the elements of , the -cycles are especially important.  In particular,W #8

any element of  can be expressed as a product of -cycles; in fact,  is generated byW # W8 8

the -cycles#

$ $ $# $ 8œ Ð" #Ñß œ Ð" $Ñß á ß œ Ð" 8Ñ

To see this, first note that any cycle can be expressed as a product using these -cycles:#

Ð+ ,Ñ œ Ð" +ÑÐ" ,ÑÐ" +Ñ

Ð" , -Ñ œ Ð" ,ÑÐ" -Ñ

Ð+ , -Ñ œ Ð+ ,ÑÐ+ -Ñ œ Ð" +ÑÐ" ,ÑÐ" -ÑÐ" +Ñ

Ð" , - .Ñ œ Ð" ,ÑÐ" -ÑÐ" .Ñ

Ð+ , - .Ñ œ Ð+ , -ÑÐ+ .Ñ œ Ð" +ÑÐ" ,ÑÐ" -ÑÐ" .ÑÐ" +Ñ
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and so on, where .  Then, since any permutation can be expressed as a" Â Ö+ß ,ß -ß .×
product of disjoint cycles, it follows that  is a generating set for .Ö ß ßá ß × W$ $ $# $ 8 8

Obviously, the expression of a given permutation as a product of -cycles is not#
unique.  Here's another example:

Ð" # $ % &Ñ œ Ð" #ÑÐ" $ÑÐ" %ÑÐ" &Ñ

Ð" # $ % &Ñ œ Ð" $ÑÐ" %ÑÐ" $ÑÐ$ &ÑÐ" $ÑÐ$ #Ñ

Ð" # $ % &Ñ œ Ð" $ÑÐ" %ÑÐ" $ÑÐ$ &ÑÐ# %ÑÐ% #ÑÐ" $ÑÐ$ #Ñ

Note that each of the three expressions of  as a product a -cycles uses an evenÐ" # $ % &Ñ #
number of -cycles; that is, the parity of the number of -cycles used is even in each case.# #

Given an integer , the  of  refers to whether  is even or odd, and two= = =parity

integers  and  are said to have the  if they are both even or both odd.= > same parity

Although a permutation  can be expressed as a product of -cycles in infinitely manyα #
ways, any two such products have the same parity, in terms of the number of -cycles#
used.

Lemma 4: Any expression of the identity permutation  as a product of -cycles uses an% #
even number of -cycles.#

Proof: Let  be an integer, , and consider .  Suppose, contrary to the result of the8 8   # W8

theorem, that  can expressed as the product of an odd number -cycles, say% #

% " " "œ â" # > ♣

Given the sequence  of -cycles used in , we are interested in three_ " " "œ Ð ß ßá ß Ñ #" # > ♣

numbers: (1) its length ; (2) the maximum number, , that appears among the -cycles;> 5 #
and (3) the rightmost index, , among those -cycles in which  appears (that is, the4 # 5
maximum index  for which .  By the principle of well-ordering, we may4 Ð5Ñ Á 5"4

assume that we have chosen a counterexample  so that (1)  is a minimum; 2) among_ > Ð
all counterexamples with length ,  is a minimum, and (3) among all counterexamples> 5
with length  for which the maximum value used is ,  is a minimum.> 5 4

It must be that , since, if , then 5   $ 5 œ # œ œ â œ œ" " "" # >

Ð" #Ñ >, which forces  to be even.

Note that  must appear in at least two of the s, since, if some  is the only -5 #" "3

cycle in which  appears, then the product of the s does not map  to , and hence is not5 5 5"
equal to .  This forces  to be at least .% 4 #

Consider the product .  Based on the form of this product, we shall" "4&" 4

determine a revised product of -cycles equal to :# %

% " " "œ â" # >
w w w

w ♦
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and, equivalently, a revise  sequence  of the -cycles used in .  So. œ Ð ß ßá ß Ñ #_ " " "w w w w
" # >w ♦

_ _w w w w w has odd length ; let  be the maximum number that appears in , and let  be the> 5 4
rightmost index such that ."4

w w
wÐ5 Ñ Á 5

Case 1: .  Then , and so we define the sequence  by deleting " " " " % _ "4&" 4 4&" 4 4&"
wœ œ

and  from .  In this case, however, .  This contradicts the choice of ." _ _4
w> œ > & # * >

Case 2:  and  appears in .  Then, for some  with ," " "4&" 4 4&"Á 5 " Ÿ +ß , * 5 + Á ,

" "4&" 4 œ Ð+ 5ÑÐ, 5Ñ œ Ð, 5ÑÐ+ ,Ñ

Thus, we obtain the sequence  from  by replacing  by  and  by_ _ " " "w w
4&" 44&" œ Ð, 5Ñ

" _4
w w w w wœ Ð+ ,Ñ > œ > 5 œ 5 4 œ 4 & " * 4.  This results in  having  and , but with .  This

again contradicts the choice of ._

Case 3: , and  does not appear in , yet some other element  does appear" " "4&" 4 4&"Á 5 +
in both and .  Then, for some ," "4&" 4 " Ÿ +ß , * 5

" "4&" 4 œ Ð+ ,ÑÐ+ 5Ñ œ Ð, 5ÑÐ+ ,Ñ

Thus, we obtain the sequence  from  by replacing  by  and  by_ _ " " "w w
4&" 44&" œ Ð, 5Ñ

" _4
w w w w wœ Ð+ ,Ñ > œ > 5 œ 5 4 œ 4 & " * 4.  This results in  having  and , but with .  This

again contradicts the choice of ._

Case 4:  and  are disjoint -cycles.  Thus, we obtain the sequence  from  by" " _ _4&" 4
w#

replacing  by  and  by .  This results in  having  and , but with" " " " _4&" 4 4 4&"
w w w> œ > 5 œ 5

4 œ 4 & " * 4w .  This contradicts the choice of ._

In any case, we obtain a contradiction to the assumption that  can be expressed as%
a product of an odd number of -cycles, thus proving the lemma.#

è

Theorem 5: Let , and suppose  can be expressed as the product of  2-cycles andα α− W =8

also as the product of  -cycles.  Then  and  have the same parity.> # = >

Proof: Let , and suppose  can be expressed as the product  2-cycles and also asα α− W =8

the product of  -cycles, say> #

" " " α # # #" # = " # >â œ œ â

Then

% " " " # # #

" " " # # #

" " " # # #

œ â â

œ â â

œ â â

� �� �
� �ˆ ‰
� �� �

" # = " # >
&"

" # = > # "
&" &" &"

" # = > # "

using the fact that any -cycle is its own inverse.  Thus, we have  expressed as a product# %
of  -cycles.  By the lemma, this means that  is even, which in turn implies that= + > # = + >
= > è and  are either both odd or both even.
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In view of Theorem 5, we have the following definition.

Definition 1: Let S .  If any expression of  as a product of -cycles uses an evenα α− #8

number of -cycles, then  is called an ; otherwise,  is called an # α αeven permutation odd

permutation.  The subset of  consisting of the even permutations is denoted by .W E8 8

è

Theorem 6: For ,  is a subgroup of .  Moreover, , and hence 8   # E W lE l œ lW lÎ# E8 8 8 8 8

is a normal subgroup of .W8

Proof: First, to show that  is a subgroup of , we apply SJST.E W8 8

By Lemma 4, .  Let , .  Then each of  and  can be expressed% α α α α− E − E8 " # 8 " #

as an even number of -cycles, say#

α " " " α # # #" " # = # " # >œ â œ âand

Thus,

α α " " " # # #

α " " " " " "

" # " # = " # >

"
&"

" # = = # "
&"

œ â â

œ â œ â� �
Hence,  can be expressed as a product of  -cycles, and  can be expressed asα α α" # "

&"= + > #
a product of  -cycles, and both  and  are even.  Therefore,  and= # = + > = − Eα α" # 8

α"
&"

8 8− E E, which shows that  is closed under products and inverses.  Therefore,

E Ÿ W8 8.

Next, to show that half the permutations of  are even and half areÖ"ß #ßá ß 8×
odd, it suffices to construct a bijection  (note that  is the0 À E Ä W & E W & E8 8 8 8 8

subset of  consisting of the odd permutations).W8

Note that the -cycle  is odd, and the product of an even permutation and an# Ð" #Ñ
odd permutation is odd (see Additional Exercise ).  Thus, we may define'
0 À E Ä W & E8 8 8 by

0Ð Ñ œ Ð" #Ñα α

Clearly,  is onto, for if  is an odd permutation, then  is an even permutation, and0 Ð" #Ñ" "

0ÐÐ" #Ñ Ñ œ Ð" #ÑÐ" #Ñ œ" " "

Moreover,  is one-to-one, for if , then0 ß − Eα α" # 8

0Ð Ñ œ 0Ð Ñ Ä Ð" #Ñ œ Ð" #Ñ Ä œα α α α α α" # " # " #

by cancellation.

è

As noted above, a -cycle is even if and only if  is odd.  This yields the5 5
following result.
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Theorem 7: For ,  if and only if any expression of  as a product ofα α α− W − E8 8

disjoint cycles has an even number of cycles of even length.

è

Example 5: Note that  is trivial.  Find:E œ Ö ×# %

(a)       (b) E E$ %

Solution: For (a), note that every nonidentity element of  is a -cycle or a -cycle.  ByW # $$

the result of Theorem 7, -cycles are odd and -cycles are even.  Therefore,# $

E œ ÖÐ"Ñß Ð" # $Ñß Ð" $ #Ñ×$

For (b), refer to Example 3.  There, we note that each nonidentity element of  isW%

either: (2) a -cycle, which is odd; (3) a -cycle, which is even; (4) a -cycle, which is# $ %
odd; or (5) a product of two disjoint -cycles, which is even.  Therefore,  consists of# E%

the identity permutation, -cycles, and products of two disjoint -cycles:$ #

E œ ÖÐ"Ñß Ð" # $Ñß Ð" $ #Ñß Ð" # %Ñß Ð" % #Ñß Ð" $ %Ñß Ð"ß %ß $Ñß

Ð# $ %Ñß Ð# % $Ñß Ð" #ÑÐ$ %Ñß Ð" $ÑÐ# %Ñß Ð" %ÑÐ# $Ñ×
%

Example 6: Note that .  Also, note that the maximum order of anylE l œ &xÎ# œ '!&

element of  is , which is attained only by the disjoint product of a -cycle and a -W ' # $&

cycle, which is odd.  Thus, the maximum order of any element in  is .  The identityE &&

permutation is the unique element of order .  For each , , find the number of" 5 # Ÿ 5 Ÿ &
elements of  of order .E 5&

Solution: For ,  has order  if and only if  is the product of two disjoint -5 œ # − E # #α α&

cycles, .  To determine  uniquely, we can: (1) choose the unique elementÐ+ ,ÑÐ- .Ñ α
B − Ö"ß #ß $ß %ß &× ÐBÑ œ B C − Ö"ß #ß $ß %ß &× & ÖB× such that ; (2) for any , choose itsα
image .  Since (1) can be done in  ways and  can be done in  ways,αÐCÑ & Ð#Ñ GÐ$ß "Ñ œ $
this yields  elements of ."& E&

For  or , any element of order  in  is a -cycle, which is even.  By5 œ $ & 5 W 5&

Example 4, part (a),  has  -cycles and  -cycles.W #! $ #% &&

The other nonidentity elements of  have order  and are -cycles, which areW % %&

odd.

In conclusion,  has  element of order ,  elements of order ,  elements ofE " " "& # #!&

order , and  elements of order , for a total of  elements.$ #% & '!

è

Subgroups of some symmetric group often occur as the group of symmetries of

some mathematical object in the plane or in space.  For the basics, refer to Dihedral

Groups.



 Permutation Groups 13

In that chapter, we considered the group of symmetries for a regular -pyramid8
and for a regular -prism.  In this chapter, we consider the regular polyhedra.  A 8 regular

polyhedron is a polyhedron each of whose faces is congruent to a given regular polygon.

One of the most famous results in mathematics is that there are exactly five regular

polyhedra:

1.  the , which has four vertices, six edges, and four faces, eachtetrahedron

congruent to the same equilateral triangle;

2.  the , which has eight vertices, twelve edges, and six faces, each congruentcube

to the same square;

3.  the , which has six vertices, twelve edges, and eight faces, eachoctahedron

congruent to the same equilateral triangle;

4.  the , which has twenty vertices, thirty edges, and twelve faces,dodecahedron

each of which is congruent to the same regular pentagon;

5.  the , which has twelve vertices, thirty edges, and twenty faces,icosahedron

each congruent to the same equilateral triangle.

The cube and octahedron are  polyhedra, and this implies that they have the samedual

group of symmetries.  Likewise, the dodecahedron and icosahedron are dual and have the

same symmetry group.

Thus, for the regular polyhedra, it suffices to determine the group of symmetries

for the tetrahedron, the cube, and the icosahedron.

Example 7: Determine the group  of symmetries of the (regular) tetrahedron .Z g

Solution: Without loss of generality, we place  in  so that its four vertices areg ‘$

E œ Ð"ß "ß "Ñß F œ Ð"ß&"ß&"Ñß G œ Ð&"ß "ß &"Ñß H œ Ð&"ß&"ß "Ñ

Note that .  Also note that, withEF œ EG œ EH œ FG œ FH œ GH œ # #È
^ œ Ð!ß !ß !Ñ E^ œ F^ œ G^ œ H^ œ $ ^, we have .  Thus, the origin  is the centerÈ
of .g

Any symmetry of  must permute ; thus, the group of symmetriesg ÖEßFßGßH×
of  is a subgroup of .  In fact, any permutation of g fÐÖEßFß GßH×Ñ z W ÖEßFßGßH×%

defines a symmetry of , since the vertices of  are equidistant from each other.g g
Therefore, the group  of symmetries of  is isomorphic to .Z g W%

We note that each of the lines , , , and  is an axis of -fold
	 	 		
E^ F^ G^ H^ $

rotational symmetry of , meaning that, if  is rotated  about any oneg ‘$ ‰ ‰Ð$'!Î$Ñ œ "#!
of these lines, then  is mapped to .  It follows that each of the following is a symmetryg g
of :g
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3

3

3

3

3

"
‰

"
# ‰

#
‰

#
# ‰

$
‰

œ ß "#! ß E^ œ ÐF G HÑ

œ ß #%! ß E^ œ ÐFHGÑ

œ ß "#! ß F^ œ ÐEG HÑ

œ ß #%! ß F^ œ ÐEHGÑ

œ ß "#! ß

rotation

rotation

rotation

rotation

rotation

	
	
	
	
	
	
	
	

G^ œ ÐEFHÑ

œ ß #%! ß G^ œ ÐEHFÑ

œ ß "#! ß H^ œ ÐEF GÑ

œ ß #%! ß H^ œ ÐEG FÑ

3

3

3

$
# ‰

%
‰

%
# ‰

rotation

rotation

rotation

Next, let the points , , , , , and  be the midpoints of the edges of ; thatI J K L M N g
is, let

I œ EF œ Ð"ß !ß !Ñ J œ EG œ Ð!ß "ß !Ñ

K œ EH œ Ð!ß !ß "Ñ L œ FG œ Ð!ß !ß &"Ñ

M œ FH œ Ð!ß&"ß !Ñ N œ

midpoint of midpoint of 

midpoint of midpoint of 

midpoint of midpoint of GH œ Ð&"ß !ß !Ñ

Note that a line through the midpoint of any edge and the midpoint of the opposite edge

(which also contains ) is an axis of -fold rotational symmetry of ; that is, if  is^ # g ‘$

rotated  about any one of these lines, then  is mapped to .  It followsÐ$'!Î#Ñ œ ")!‰ ‰ g g
that each of the following is a symmetry of :g

3

3

3

&
‰

'
‰

(
‰

œ ß ")! ß IN œ ÐEFÑÐG HÑ

œ ß ")! ß J M œ ÐEGÑÐFHÑ

œ ß ")! ßKL œ ÐEHÑÐF GÑ

rotation

rotation

rotation

	
	
	

We note that the rotational symmetries of  (including the identity symmetry )g %
form a subgroup of the group of all symmetries of .  In fact, as a permutation of the setg
ÖEßFßGßH× of vertices of , each of the rotational symmetries is an even permutation,g
and there are exactly  of them.  Hence, the subgroup  of rotational symmetries of  is"# [ g
isomorphic to .E%

The tetrahedron  also has reflective symmetry.  The plane through any twog
vertices of  and the midpoint of the opposite edge is a mirror of reflective symmetry.g
This observation yields the following symmetries of :g

5 5

5 5

5 5

5 5

5 5

" "

# #

$ $

% %

& &

œ ß C + D œ !à œ ÐEFÑ

œ ß B + D œ !à œ ÐEGÑ

œ ß B + C œ !à œ ÐEHÑ

œ ß B œ Cà œ ÐF GÑ

œ ß B œ Dà œ

reflection  

reflection

reflection

reflection

reflection ÐF HÑ

œ ß C œ Dà œ ÐG HÑ5 5' 'reflection
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The remaining six symmetries of  are the permutations of  that areg ÖEßFßGßH×
% #-cycles.  Each of these can be expressed as the composition of a -fold rotational

symmetry and a reflective symmetry, as follows:

3 5

3 5

3 5

3 5

3 5

3 5

& #

& $

' "

& %

' '

& &

œ ÐEFG HÑ

œ ÐEFHGÑ

œ ÐEG FHÑ

œ ÐEG HFÑ

œ ÐEHFGÑ

œ ÐEHG FÑ

è

Example 8: Refer to Example 8 and to Theorem 2 in .Dihedral Groups

Exercise: Apply Theorem 2 to show that:

% 3 3

3 3 3

3

ÐBß Cß DÑ œ ÐBß Cß DÑß ÐBß Cß DÑ œ ÐDß Bß CÑß ÐBß Cß DÑ œ ÐCß Dß BÑ

ÐBß Cß DÑ œ Ð&Cß Dß &BÑß ÐBß Cß DÑ œ Ð&Dß&Bß CÑß ÐBß Cß DÑ œ ÐDß&Bß&CÑ

ÐBß Cß DÑ œ Ð&Cß

" "
#

# $#
#

$
# &Dß BÑß ÐBß Cß DÑ œ ÐCß&Dß&BÑß ÐBß Cß DÑ œ Ð&Dß Bß&CÑ

ÐBß Cß DÑ œ ÐBß&Cß&DÑß ÐBß Cß DÑ œ Ð&Bß Cß &DÑß ÐBß Cß DÑ œ Ð&Bß&Cß DÑ

ÐBß Cß DÑ œ ÐBß&Dß&CÑß Ð

3 3

3 3 3

5 5

% %
#

& ' (

" # Bß Cß DÑ œ Ð&Dß Cß &BÑ ÐBß Cß DÑ œ Ð&Cß&Bß DÑ

ÐBß Cß DÑ œ ÐCß Bß DÑß ÐBß Cß DÑ œ ÐDß Cß BÑ ÐBß Cß DÑ œ ÐBß Dß CÑ

Ð ÑÐBß Cß DÑ œ ÐDß&Cß&BÑß Ð ÑÐBß Cß DÑ œ ÐCß

5

5 5 5

3 5 3 5

$

% & '

& # & $ &Bß&DÑß Ð ÑÐBß Cß DÑ œ Ð&Bß Dß &CÑ

Ð ÑÐBß Cß DÑ œ Ð&Cß Bß&DÑß Ð ÑÐBß Cß DÑ œ Ð&Bß&Dß CÑß Ð ÑÐBß Cß DÑ œ Ð&Dß&Cß BÑ

3 5

3 5 3 5 3 5
' "

& % ' ' & &

è

Next, we turn to the cube .  Let's place  in  so that its vertices are:V V ‘$

E œ Ð"ß "ß "Ñß F œ Ð&"ß "ß "Ñß G œ Ð&"ß&"ß "Ñß H œ Ð"ß&"ß "Ñ

I œ Ð"ß "ß &"Ñß J œ Ð&"ß "ß &"Ñß K œ Ð&"ß&"ß&"Ñß L œ Ð"ß&"ß&"Ñ

Any symmetry of  must fix  and permute the vertices; hence, the group ofV ^ œ Ð!ß !ß !Ñ
symmetries of  is a subgroup of .  To begin, let's obtain anV WÐÖEßFßá ßL×Ñ z W)

upper bound on the number of symmetries of .V

In general, let  denote the image of the vertex of  under an arbitrary symmetry\ \w

of .  Assume that  can be any element of .  Thus, there are V E ÖEßFßá ßL× )w

possibilities for .  Given , there are  choices for , since  must be an edge ofE E $ F E Fw w w w w

V.  Then, given  and , there are  choices for , since  must be an edge of theE F # H E Hw w w w w

cube, and .  The choices for , , and  completely determine the symmetry,H Á F E F Hw w w w w

since  is a (non-regular) tetrahedron.  Therefore,  has at most ^EFH )Ð$ÑÐ#Ñ œ %)V
symmetries.
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Example 9: Show that  has exactly  rotational symmetries.V #%

Solution: Consider any face of  and its opposite face.  The line through the centers ofV
these faces is an axis of -fold rotational symmetry.  This observation yields the%
following rotational symmetries of :V

3 3

3 3

3 3

3

" "
‰

" "
# ‰ #

" "
$ ‰ $

#

œ ß *! ß D à œ ÐEF G HÑÐI J KLÑ

œ ß ")! ß D à œ ÐEGÑÐFHÑÐI KÑÐJ LÑ

œ ß #(! ß D à œ ÐEHG FÑÐI L KJÑ

œ

rotation -axis

rotation -axis

rotation -axis

rotation -axis

rotation -axis

rotation -axis

rotat

ß *! ß C à œ ÐEF J IÑÐG KL HÑ

œ ß ")! ß C à œ ÐEJÑÐF IÑÐG LÑÐHKÑ

œ ß #(! ß C à œ ÐEI J FÑÐG HL KÑ

œ

‰
#

# #
# ‰ #

# #
$ ‰ $

$

3

3 3

3 3

3 ion -axis

rotation -axis

rotation -axis

ß *! ß B à œ ÐEHL IÑÐF G KJÑ

œ ß ")! ß B à œ ÐELÑÐF KÑÐG JÑÐHIÑ

œ ß #(! ß B à œ ÐEI L HÑÐF J KGÑ

‰
$

$ $
# ‰ #

$ $
$ ‰ $

3

3 3

3 3

Next, the line through any two opposite vertices of  is an axis of -fold rotationalV $
symmetry.  This observation yields the following rotational symmetries of :V

3 3

3 3

3 3

3

% %
‰

% %
# ‰ #

& &
‰

&
# ‰

œ ß "#! ß EKà œ ÐFHIÑÐG L JÑ

œ ß #%! ß EKà œ ÐF I HÑÐG J LÑ

œ ß "#! ß FLà œ ÐEG JÑÐHKIÑ

œ ß #%! ß F

rotation

rotation

rotation

rotation

	
	
	
	
Là œ ÐEJ GÑÐHI KÑ

œ ß "#! ß GIà œ ÐEJ LÑÐF KHÑ

œ ß #%! ß GIà œ ÐEL JÑÐFHKÑ

œ ß "#! ß HJ à œ ÐEG LÑÐF KIÑ

œ

3

3 3

3 3

3 3

3

&
#

' '
‰

' '
# ‰ #

( (
‰

(
#

rotation

rotation

rotation

r

	
	
	

otationß #%! ß HJ à œ ÐEL GÑÐF I KÑ‰ #
(

	
3

Lastly, consider any edge of .  The line through  and the midpoint of this edgeV ^
(which contains the midpoint of the opposite edge of ) is an axis of -fold rotationalV #
symmetry.  This observation yields the following rotational symmetries of :V

3 3

3 3

3 3

) )
‰

* *
‰

"! "
‰

œ ß ")! ß B œ ! D œ Cà œ ÐEFÑÐG IÑÐHJÑÐKLÑ

œ ß ")! ß D œ B C œ !à œ ÐEHÑÐFLÑÐG IÑÐJ KÑ

œ ß ")! ß C œ B D œ !à

rotation  and 

rotation  and 

rotation  and !

"" ""
‰

"# "#
‰

"$

œ ÐEIÑÐFLÑÐG KÑÐHJÑ

œ ß ")! ß D œ &B C œ !à œ ÐEKÑÐF GÑÐHJÑÐI LÑ

œ ß ")! ß C œ &B D œ !à œ ÐEKÑÐF JÑÐG IÑÐHLÑ

œ

3 3

3 3

3

rotation  and 

rotation  and 

rotation  and ß ")! ß B œ ! D œ &Cà œ ÐEKÑÐFLÑÐG HÑÐI JÑ‰
"$3

è
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It can be shown that the set  of rotational symmetries of a cube is a subgroup of[
the group  of all the symmetries, and that this subgroup is isomorphic to .  For theZ W%

particular cube  described above, it can be shown that  is generated by  and , andV [ 3 3" %

that the isomorphism with  is provided by the function that maps  to  and W Ð" # $ %Ñ% " %3 3
to  — see Exercise 10.Ð# % $Ñ

In Example 7, we showed that the group of rotational symmetries of a regular

tetrahedron is isomorphic to .  Also, as noted, the group of rotational symmetries of aE%

cube is isomorphic to .  In general, we have the following result.W%

Theorem 8 (Auguste Bravais, 1849): For any polyhedron  in , the rotationalc ‘$

symmetries of  from a group (under composition), and this group is cyclic, dihedral, orc
is isomorphic to one of , , or .E W E% % &

è

Back to the symmetries of the cube .  So far, we have found  rotationalV #%
symmetries of .  There are at most  symmetries total, and  clearly has some non-V V%)
rotational symmetries.  It follows that there are exactly  symmetries of .  Furthermore,%) V
since the rotational symmetries make up exactly half the total number, the subgroup  of[
rotational symmetries is a normal subgroup of the group  of all symmetries.  Letting Z 5
be any non-rotational symmetry of , the non-rotational symmetries of  are the elementsV V
in the coset .5[

Example 10: With the vertices of  defined as above, we can now complete our list ofV
the symmetries of , as follows:V

5

53 53

53 53

53

œ ÐEIÑÐF JÑÐG KÑÐHLÑ œ ß D œ !

œ ÐEJ G LÑÐF KHIÑà Ð ÑÐBß Cß DÑ œ Ð&Cß Bß&DÑ

œ ÐEKÑÐFLÑÐG IÑÐHJÑà Ð ÑÐBß Cß DÑ œ Ð&Bß&Cß&DÑ

œ ÐEL G J

reflection

" "

" "
# #

"
$ ÑÐF I HKÑà Ð ÑÐBß Cß DÑ œ ÐCß&Bß&DÑ

œ ÐF IÑÐG LÑ œ ß D œ B

œ ÐEFÑÐG HÑÐI JÑÐKLÑ œ ß B œ !

œ ÐEJÑÐHKÑ œ ß D œ &B

œ Ð

53

53

53

53

53

"
$

#

#
#

#
$

$

reflection

reflection

reflection

G JÑÐHIÑ œ ß D œ C

œ ÐEHÑÐF GÑÐI LÑÐJ KÑ œ ß C œ !

œ ÐELÑÐF KÑ œ ß D œ &C

reflection

reflection

reflection

53

53
$
#

$
$

Exercise: Determine each of the symmetries, , , , , , , ,53 53 53 53 53 53 53% & ' (%
# # #

& '

and  (both analytically and as a permutation of ).  Note that53(
# ÖEßFßGßHßIß J ßKßL×

each of these symmetries has order , with'

53 53 53 53 53 53 53 53% ' ( &
# &" # &" &" # # &"

' % ( &œ Ð Ñ ß œ Ð Ñ ß œ Ð Ñ ß œ Ð Ñ
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Exercise: Determine each of the symmetries, , , , , , and53 53 53 53 53) * "! "" "#

53"$ (both analytically and as a permutation of ).  In particular,ÖEßFßGßHßIß J ßKßL×
show that

53 53 53 53 53 53"! "# "" * "$ )
&" &"œ ß C œ Bß œ ß C œ &B œ Ð Ñ ß œ Ð Ñreflection reflection

è

The icosahedron and the dodecahedron are dual polyhedra, so, as mentioned

earlier, they have the same group of symmetries.  It can be shown that an icosahedron has

'! '! "#! rotational symmetries and  non-rotational symmetries, for a total of .  As with

the tetrahedron and the cube, the rotational symmetries form a normal subgroup of the

group of all symmetries, and this subgroup is isomorphic to .  Details are left to theE&

additional exercises.

A theme of this chapter is that many groups are permutation groups.  Again, a

permutation group is any group that is isomorphic to a subgroup of  for someÐ Ð\Ñß ‰ Ñf
nonempty set .  For example, the dihedral group  of order , which is the abstract\ H #88

group of order  having the presentation#8

Ø<ß = ± l<l œ 8ß l=l œ #ß = Â Ø<Ùß =< œ < =Ù8&"

is seen to be isomorphic to the subgroup of  generated byW8

α "œ Ð" #â8Ñ œ
Ð# 8ÑâÐ8Î# Ð8 + %ÑÎ#ÑÑ 8
Ð# 8ÑâÐÐ8 + "ÑÎ# Ð8 + $Î#ÑÑ 8

and
, if  is even

, if  is oddœ

In fact, every group is a permutation group!  This fact was first proved by Arthur

Cayley in 1854.

Theorem 9 (Cayley): Every group is a permutation group.  In fact, given a group ,  isK K
isomorphic to a subgroup of .Ð ÐKÑß ‰ Ñf

Proof: Given an arbitrary group , we want to show that it is isomorphic to someÐKß ‡ Ñ
subgroup of the group of permutations of  under the operation of composition.  To thatK
end, we ask: Given an element  in , is there a permutation of  that can be naturally1 K K
associated with ?  In fact, there is!  In Theorem , we show that the function ,1 #Þ" 01
defined on  byK

0 ÐBÑ œ 1 ‡ B1

is a permutation of .  (Note that, if  is finite, then  is simply the permutation of K K 0 K1

given by the row corresponding to  in the operation table for .)1 ÐKß ‡ Ñ

Thus, we define  by) À K Ä WÐKÑ

)Ð1Ñ œ 01
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We claim that im , which is a subgroup of  by Chapter 5, NotebookK z ÐKÑ WÐKÑ
Exercise 16.  To verify this, it suffices to show that  is a homomorphism and that  is) )
one-to-one.

Clearly,  is one-to-one.  In fact, if  and  are arbitrary elements of  with) 1 1 K" #

1 Á 1 / K 0 Ð/Ñ œ 1 ‡ / œ 1 Á 1 œ 1 ‡ / œ 0 Ð/Ñ" # 1 " " # # 1, and  is the identity of , then .
" #

To verify that  is a homomorphism, let .  Then, for any ,) 1 ß 1 − K B − K" #

)

) )

Ð1 ‡ 1 ÑÐBÑ œ 0 ÐBÑ

œ Ð1 ‡ 1 Ñ ‡ B

œ 1 ‡ Ð1 ‡ BÑ

œ 0 Ð1 ‡ BÑ

œ 0 Ð0 ÐBÑÑ

œ Ð0 ‰ 0 ÑÐBÑ

œ Ð Ð1 Ñ ‰ Ð1 ÑÑÐBÑ

" # 1 ‡1

" #

" #

1 #

1 1

1 1

" #

" #

"

" #

" #

It follows that, for arbitrary elements , that1 ß 1 − K" #

) ) )Ð1 ‡ 1 Ñ œ Ð1 Ñ ‰ Ð1 Ñ" # " #

Therefore,  is a homomorphism, as we wanted to show.)

è

An interesting general problem is the following: Given a finite group  of orderK
8 8 K W, find the minimum positive integer  such that  is isomorphic to a subgroup of .w

8w

Cayley's Theorem asserts that .8 Ÿ 8w

For example,  has order , and so Cayley's Theorem asserts that  isH ) H% %

isomorphic to a subgroup of .  In fact, we know that we can do better than this — sinceW)

H H% % is isomorphic to the group of symmetries of a square,  is isomorphic to a subgroup

of .W%

Additional Exercises

1.  Considering  as a subgroup of , let  and .  Construct theE W œ Ð" # $Ñ œ Ð" #ÑÐ$ %Ñ% % α "
Cayley digraph for  using the generating set .  Compare with Figure 5.2.E Ö ß ×% α "

2.  Consider a permutation  of  that is not the identity permutation.  Then, for someα W8

B − Ö"ß #ßá ß 8× ÐBÑ Á B, .  Consider the sequenceα

B œ ÐBÑß ÐBÑ œ ÐBÑß Ð ÐBÑ œ ÐBÑß Ð Ð ÐBÑÑÑ œ ÐBÑßáα α α α α α α α α α! " # $

Since each member of this sequence is an element of , the sequence containsÖ"ß #ßá8×
repeated members.  Show that, in fact, the first element to repeat is .B
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3.  In , let , , , , and .  ConstructW œ Ð" # $ %Ñ œ Ð# $ %Ñ œ Ð" #Ñ œ Ð" $Ñ œ Ð" %Ñ% # $ %α " $ $ $
the Cayley digraph for  using generating set:W%

(a) Ö ß ×α "

(b) Ö ß ×α $#

(c) Ö ß ß ×$ $ $# $ %

Figure 1 provides a hint for part (a).

Figure 1 Hint for Exercise 3, part (a)

4.  Prove Theorem 7.3.
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5.  Complete the following table for :W(

order no. of elements

total

" "
#
$
%
&
'
(
"!
"#

&!%! œ (x

6.  Let  be an integer, , and let .  If  and  are both even, then  and8 8   $ ß − Wα " α " α"8

α&" are even; this was shown in the proof of Theorem 7.6.  Show that:

(a) If  and  have opposite parity, then  is odd.α " α"

(b) If  and  are both odd, then  is even.α " α"

(c) If  is odd, then  is odd.α α&"

7.  Consider the group .E'

(a) Show that  contains no elements of order .E ''

(b) Complete the following table for :E'

order no. of elements

total

" "
#
$
%
&

$'! œ 'xÎ#

8.  Show that the group of rotational symmetries of a cube is isomorphic to .  Hint:W%

Refer to Example 9; show that the group  of rotational symmetries of  is generated byL V
3 3 9 9 3 9 3" % % " % and , and define  by  and À L Ä W Ð Ñ œ Ð" # $ %Ñ Ð Ñ œ Ð# % $ÑÞ

9.  Consider the group .E(

(a) Show that  contains no elements of order .E "!(

(b) Show that  contains no elements of order .E "#(
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(c) Complete the following table for :E(

order no. of elements

total

" "
#
$
%
&
'
(

#&#! œ (xÎ#

10.  Consider the cube  as in Examples 9 and 10.  Number the faces , ,V EFGH EHIL
GHKL EFIJ FGJK IJKL " # $ % & ', , , and  of the cube , , , , , and , respectively (like

a die).

(a) Provide a face-based argument that the cube has at most  symmetries of .%) V
Hint: Let  denote the image of face  under an arbitrary symmetry.  Then there are J J 'w

choices for .  Given , how many choices are there for ?  Given  and , how many" " # " #w w w w w

choices are there for ?%w

(b) Express each of the  symmetries of  as a permutation of the faces.  This%) V
describes the group of symmetries of  as a subgroup of , rather than as a subgroup ofV W'

the group of permutations of the  vertices of .) V

11.  Consider the following elements of , expressed in array notation:W)

α "œ œ
" # $ % & ' ( ) " # $ % & ' ( )
$ % & ' ( # " ) ) ( % & ' ( # "” • ” •

Express each of the following in cycle notation (that is, as a product of disjoint cycles):

(a)       (b) α "

(c)       (d) α" "α

(e)       (f) α "# #

(g)      (h) α "&" &"

12.  Consider the group  of symmetries of a cube  and the subgroup  of rotationalZ V [
symmetries of , as described in Examples 9 and 10.V

(a) Show that .[ 3 3œ Ø ß Ù" "!

(b) Show that

53 3 5 53 3 5" " "! "!œ œand

(c) Show that .Z ™z W ‚% #
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13.  For the permutations  and  given in Exercise 11, find:α "

(a)       (b) l l l lα "

14. Note that  and .  Given a positive integer , determine theG z W G z W 8   $" " # #

minimum  such that  is isomorphic to a subgroup of .  Hint: Consider the7 G W8 7

canonical factorization of  — hey, it ain't called the “fundamental theorem of8
arithmetic” for nothin'!

15.  For each of the following groups of order , find the minimum  such that the group) 8w

is isomorphic to a subgroup of .  (Refer to .)W8w Groups of Order 8

(a)       (b) ™ ™ ™) % #‚

(c)     (d)  (the quaternion group)™ ™ ™# # #‚ ‚ U

16.  The purpose of this exercise is to describe the group  of symmetries of anZ
icosahedron .\

Let  denote one vertex of .  Then  is adjacent to five other vertices, and these fiveE E\
vertices form a regular pentagon.

(a) Use this observation to argue that  has at most  symmetries.\ "#!

Let  denote the center of .  The line  is an axis of -fold rotational symmetry of .^ ^E &\ \
	

(b) Considering all such axes — that is  any axis of the form , with  aß ^\ \
	

vertex of  — how many (nonidentity) rotational symmetries of  are accounted for?\ \

Let  denote the center of one face of .  The line  is an axis of -fold rotationalT ^T $\
	

symmetry of .\

(c) Considering all such axes — that is  any axis of the form , with  theß ^\ \
	

center of some face of  — how many rotational symmetries of  are accounted for?\ \

Let  denote the midpoint of some edge of .  The line  is an axis of -foldQ ^Q #\
�	

rotational symmetry of .\

(d) Considering all such axes — that is  any axis of the form , with  theß ^\ \
	

midpoint of some edge of  — how many rotational symmetries of  are accounted for?\ \

Parts (b), (c), and (d) account for all  rotational symmetries of .  Let  denote the'! \ [
subgroup of rotational symmetries.

(e) Show that  has the same “order profile” as the group .  In fact, .[ [E z E& &

Let  be any non-rotational symmetry of .  Then , so that | , and5 \ Z [ 5[ Zœ ∪ l œ "#!
[ Z Z– K.  The group  is known as the  .Coxeter group $

17.  For each of the following groups of order , determine the minimum  such that"# 8w

the group is isomorphic to a subgroup of .  (Refer to .)W8w Groups of Order 12

(a)      (b) ™ ™' #‚ X
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18.  Give an example of  such that both  and  have order , but  hasα " f ™ α " α"ß − Ð Ñ #
infinite order.  This example shows that, if an infinite group, the subset of elements with

finite order is not necessarily closed.

19.  Let  be an integer, .  Show that the center  of  contains only the identity8 8   $ WV 8

permutation .%

20.  Let  be a nonempty set and let  be a nonempty subset of .  Define the subset \ ] \ J]

of  byfÐ\Ñ

J œ Ö − WÐ\Ñ ± ÐCÑ œ C C − ] ×] α α  for every 

that is,  consists of those permutations of  that fix every element of .J \ ]]

(a) Show that  is a subgroup of .J Ð\Ñ] f

(b) Prove or disprove:  is a normal subgroup of .J Ð\Ñ] f

(c) In the case when  and , ,  is\ œ Ö"ß #ßá ß 8× l] l œ 7 " Ÿ 7 * 8 J]

isomorphic to a well-known group.  What group?

21.  Let  be a subgroup of .  Show that either  is a subgroup of  orL W L E8 8

lE À L ∩ E l œ # L8 8  (that is, exactly half of the elements of  are even).

22.  Let , , , and  be real numbers such that .  Define the function+ , - . +. & ,- Á !
0 À Ä‘ ‘ as follows:

0ÐBÑ œ

+B + ,

.
ß - œ !

+

-
ß -B œ &.

+B + ,

-B + .
ß -B Á &.

ß - Á !

ÚÝÝÝÝÝ
ÛÝÝÝÝÝÜ

ÚÝ
ÛÝÜ

if 

if 

(a) Show that  is a permutation of .0 ‘

(b) Show that the set  of all such functions is a subgroup of .[ f ‘Ð Ñ

23.  In the group , determine all possibilities for the permutation  given theW( α
information that:

(a)     (b) α α$ #œ Ð" # $ % &Ñ œ Ð" # $ÑÐ% & 'Ñ

(c)     (d) α α$ &œ Ð" #ÑÐ$ % & 'Ñ œ Ð" #Ñ

(e)    (f) α α% 'œ Ð" # $ % & ' (Ñ œ Ð% &ÑÐ' (Ñ

24.  Every element of  can be expressed as a product of -cycles.  Prove or disprove:W #8

Every element of  can be expressed as a product of -cycles.W $8

25.  Let  and  be integers with , and let  be a -cycle.  For which5 8 " * 5 Ÿ 8 − W 5α 8

integers , , is  a -cycle?> # Ÿ > Ÿ 8 5α>

26.  For , show that every element of  can be expressed as a product of -cycles.8   $ E $8

27.  Let .  Prove: If  is odd, then .α α α− W l l − E8 8
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28.  Let  be an integer, .  Show that the center of  contains only the identity8 8   % E8

permutation .%

29.  Find the distinct conjugacy classes for each of the following groups.

(a)     (b)     (c) W E W$ % %

30.  Result: Two permutations  are conjugate if and only if they have the sameα "ß − W8

cycle type.  To see sufficiency, an article in  suggests the following methodWikipedia

( ).en.wikipedia.org/wiki/Symmetric_group

Given permutations  and  with the same cycle type, write each permutation as aα "
product of disjoint cycles, in order of decreasing cycle length, and include any -cycles in"
the product.  In , for example, letW(

α "œ Ð" # &ÑÐ$ 'ÑÐ% (Ñ œ Ð" %ÑÐ# & 'ÑÐ$ (Ñand

Then we would rewrite  as  (or as  — apparently, the" Ð# & 'ÑÐ" %ÑÐ$ (Ñ Ð# & 'ÑÐ$ (ÑÐ" %Ñ
order of cycles with the same length doesn't matter).  Next, ignore the parentheses, and

place the permutation  directly above ; for example:" α

"

α

À # & ' " % $ (

À " # & $ ' % (

Think of this as the array notation for some permutation ; in our case, for example,#

# œ
" # $ % & ' (
$ " % ' # & (” •

Then, it is claimed that , showing that  and  are conjugates.  Checking our" #α# α "œ &"

example, we find that

#α# "&" œ Ð" $ % ' & #ÑÐ" # &ÑÐ$ 'ÑÐ% (ÑÐ" # & ' % $Ñ œ Ð" %ÑÐ# & 'ÑÐ$ (Ñ œ

Try several additional examples.  Does the method always work?


