Answers to Selected Odd-Numbered Exercises

‘ Exercise Set 1.1 ‘

1. (a), (¢), (f), and (h) are statements.
3. (a){-3,—-2,-1,0,1,2,3,4} (b) {1,2,3,4}
(C) {_LOaZ} (d) {_2a2
5. (a) {me€Z|m <0} (b) {m € Z | m is a perfect square}
(¢) {m € Z | m is a perfect cube} (d) {m € Z | m is a multiple of 4}
(e) {m € Z | m is an odd multiple of 3}
7. (a)Z™ (b) (2Z)* =27+
(c) 1+ 5Z (d) 4Z
(e) 3+62Z
9. (a){-3,-2,-1,0,1,2,3} (b) {-3,-2,-1,0,1,2}
(¢) {-2,-1,0,1,2,...} (d){...,—-1,0,1,2,3}
11. (a) {4,5,6,7,...} (b) Z
() {...,—3m,—2m,—7, 0,7, 2m, 3m, ...} (d)Q
13. (a) (-2,3) (b) (4,9]
(¢) [-1,5] (d) (1,00)
(€) (=00,0)
‘Exercise Set 1.2‘
1. (a)pAgq (b)pVvr
c)p—4q (d)per
e) T—p (f) (gvr)ANgAT

a) pVqis true

b) p A q is true if ¢ is true, false if ¢ is false
¢) p — q is false if ¢ is true, true if ¢ is false
d) § — p is true

q < p is false if q is true, true if ¢ is false
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Answers

a) pAgq (b) PAT
c) (pAQ V(DA (d) p

‘ Exercise Set 1.3 ‘

1.

The truth table is shown. Since the columns for p A gand p V G agree in each row, these

formulas are logically equivalent.

p|lg|pPNg|pPANg | D |q|DPVY
T|T|] T F F|F F
T|F F T F|T|] T
F|T F T |T|F T
F|F F T |[T|[T| T

3. We show the truth table for part (a). Since the columns for p — g and ¢ — p agree in each
row, these formulas are logically equivalent.

7.

pPlaqg|P|ad|P—=qlg—p
T|T|F|F T T
T|F|F|T T T
F|T|T|F F F
FIF|T|T T T

(a) If quadrilateral ABCD is a parallelogram, then ABCD is a rectangle.
If quadrilateral ABC'D is not a parallelogram, then ABCD is not a rectangle.

(b) If triangle ABC is a right triangle, then both ABC' is isosceles and it contains
an angle of 45 degrees.
If triangle ABC' is not a right triangle, then either ABC' is not isosceles or it does
not contain an angle of 45 degrees.

(¢) If quadrilateral ABCD is both a rectangle and a rhombus, then ABCD is a square.
If quadrilateral ABC' D is not a rectangle or is not a rhombus, then ABCD is
not a square.

(d) If quadrilateral ABCD is a rectangle or a rhombus, then it has two sides
of equal length.
If quadrilateral ABC' D is both not a rectangle and not a rhombus, then it does not
have two sides of equal length.

(e) If polygon P is a triangle, then it has the property that it is equiangular if and only
if it is equilateral.
If polygon P is not a triangle, then either it is both equiangular and not
equilateral or it is both equilateral and not equiangular.

(a) If both p implies ¢ and not ¢, then not p.
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(b) We use the properties of logical equivalence as follows:

9. A truth table verifying the distributive property 3(a) is shown below.

ﬁ
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11. (a) Here, u and v are logically equivalent:

u=@EVgADBVY=FV (AT =FVF =0

iii

(b) Here, u and v are not logically equivalent; when p is true and ¢ is false, u is false but v is

true.

(¢) The formulas u and v are logically equivalent, showing that the connective < is commutative:

u=pP—-qgA@—p)=@—=pANp—9qg=v

(d) Hint: consider the case when p is false, ¢ is true, and r is false.

(e) Hint: use a truth table to show that u and v are logically equivalent.

connective <« is associative.

This shows that the

(f) Hint: provide the missing steps in the following to show that w and v are logically equivalent:

v=p—=qVp—-r)=pErg)VEVr)=[pAQVDp]Vr=---=pV(qVr)=v

(g) Hint: provide the missing steps in the following to show that u and v are logically equivalent:

v={@EVqeVEVr)=@EVDV(@GVr)=---=u

(h) Hint: provide the missing steps in the following to show that u and v are logically equivalent:

v=pVqV(pVvr)=@EAQYV V) =[EAgVp]Vr=--=u



v Answers

13. (a) If p, then gq.

r = —2 implies 23 = —8
r = —2 only if 23 = -8
x = —2 is sufficient for 2% = —8
2% = —8 is necessary for z = —2

(b) ¢ is necessary for p
If Randy passes this course, then he is intelligent.
Passing this course implies that Randy is intelligent.
Randy will pass this course only if he is intelligent.
Passing this course is sufficient for Randy being intelligent.
(¢) pis sufficient for ¢
If Susan works hard, then Susan will pass this course.
Working hard implies that Susan will pass this course.
Susan works hard only if she passes this course.
Passing this course is necessary for Susan working hard.
(d) ponlyifgq
If 11111 is prime, then 11111 is not a multiple of 7.
Being prime implies that 11111 is not a multiple of 7.
Being prime is sufficient for 11111 not being a multiple of 7.
That 11111 is not a multiple of 7 is necessary for its being prime.

(e) Hint: This statement is of the form ¢ is necessary for p, where ¢ represents the statement that
the side lengths of triangle ABC' satisfy the Pythagorean theorem, and p represents the statement
that ABC' is a right triangle.

(f) p implies ¢
If Susan is a good student, then Susan studies hard.
Susan is a good student only if Susan studies hard.
Being a good student is sufficient for the fact that Susan studies hard.
Studying hard is necessary for Susan being a good student.

(g) Hint: The statement can be rephrased as follows: Having a repeating decimal expansion is
sufficient for v/3 to be rational.

(h) Hint: Rephrase the statement as follows: If Randy passed the course, then Randy passed
the final exam.

(i) Hint: This is of the form p only if g.

15. (a) a®*—a2?+x—1=0ifand onlyifz =1
(b) That Susan helped him study is necessary and sufficient for the result that Randy
passed the final exam.

| Exercise Set 1.4]

1. (a) There exists a positive integer n such that n is prime.
(b) For every positive integer n, n > 2.
(c) There is some positive integer n that is both prime and even.
(d) For every positive integer n, if n > 2, then either n is prime or n is even.
(e) There exists a positive integer n such that both n is prime and either n is even or n > 2.
(f) Given any positive integer n, if both n is prime and n is even, then n < 2.
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(a) 3z 3 p(z) A q(x) (b) Jz,y > p(z,y) Nz, y)

(¢) Jz > vy, p(x, y) N(z,y) (d) Ve, 3y 3 p(e,y) ANz, y) V V2, (e, 2)

(a)  The function p(m) V ¢(m) is true for every m, so u is true; however, both of the
statements Vm, p(m) and Vm, g(m) are false, so that v is false.

(b) Hint: argue that u is false and that v is true.

(¢) Hint: note that v is true, since Vm, p(m) is false; show, however, that u is false.
(d) Hint: argue that u is true and that v is false.

(a) e D>x,=0 (b)Vie D,z; =0
(c)Vi,jeD,i#j—z; #x; (d)F,jeD>z;+x;=0
(e)VieD,3j € D> |x; —xj| =3 (f)IeD>VjeD,i#j— x>z
(g)Vi,jeD,i<j—uxz; <uxj

(h) Vi € D,i even— Vj € D, j odd— z; > x;

‘ Exercise Set 1.5 ‘

1.

© N

(a) false (b) true

(c) true (d) false

(e) true (f) false

(g) true (h) true

(a) {0, {x}, {y}, {=, y}}

(b) {0, {1},{2},{1,2}}

(c) {0,{0},{{0}},{0,{0}}}

() {0, {=} {u}, {2} {z, v} {z, 2} {y, 2} {=, 9, 2}}

(e) {0, {1},{2}, {3}, {1,2},{1,3},{2,3},{1,2,3}}

(£) {0, {0}, {13}, {42,333, {0, {133, {0, {2, 3} }, {{1}, {2, 3}}, {0, {1}, {2, 3}}}
(a) {0, {a},{b},{c} {d},{a,b},{a c},{a,d},{b,c},{b, d}, {c, d}, {a, b, c}, {a, b, d},

{a,c,d}, {b,c,d},{a,b,c,d}}

(b)  {0,{0}, {{0}}, {{{03}}, {{0. {0}}}. {0, {0} }, {0. {{0}}}, {0, {0, {0}}},
(10} ({011}, ({0}, {0, {03} }, {{{0}}, {0, {0}}}, {0. {0}, {{0}}}, {0, {0}. {0, {0} }}.
{0, {{0}}, {0, {03} }, {{0}, {{0}}, {0, {0}}}, {0, {0}, {{0} }. {0. {0} } }}

. We conjecture that, if | X| = n, then |P(X)| = 2™.

){...,-12,-6,0,6,12,...} = 6Z
{...,—15,-9,-3,3,9,15,...} = 3+ 6Z
{...,—-10,—6,-2,2,6,10,...} = 2 + 47
0
{...,—12,-9,-8,—6,-4,-3,0,3,4,6,8,9,12,.. .}
C

)
){...,—15,—14,-10,-9, —6,—3,-2,0,2,3,6,9,10,14,15,.. .}
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11. (a) {(-1,0),(-1,1),(1,0),(1,1)}

(b) {(0,—1),(0,0),(0,1),(1,—1),(1,0) (Ll)}

(¢) {(-1,0,-1),(-1,0,0),(-1,0,1),(-1,1,-1),(-1,1,0),(-1,1,1), (1,0, —1),
(1,0,0),(1,0,1),(1,1,-1),(1,1,0),(1,1,1)}

(d) {((—1,0),—1),((—1,0),0),((—1,0),1),((—1,1),—1),((—1,1),0),((—1,1) 1)
((1 O),—l),((1,0),0),((1,0),1),((1,1) _1)5((151)50)5((151)51)}

(e) {(—1,(0,—1)),(—1,(0,0)),(—1,(0, 1)) _15(15_1))5(715(150))5(_15(1 1))
(1,(O,—l)),(l,(0,0)),(l,(O, 1))5(15(15_1))5(15 150))3(13(151))}

(t) {(o0,0,0,0),(0,0,0,1),(0,0,1,0),(0,0,1,1),(0,1,0,0), (0,1,0,1),(0,1,1,0),
(0,1,1,1),(1,0,0,0),(1,0,0,1),(1,0,1,0),(1,0,1,1), (1,1,0,0),(1,1,0,1),
(1,1,1,0),(1,1,1,1)}

()  {{}.{(0,0)},{(0, )}, {(1,0)},{(1,1)},{(0,0), (0,1)},{(0,0), (1,0)}
{(0,0), (1, 1)}, {(0, 1), (1,0)}, {(0,1), (1, 1)}, {(1,0), (1,1)},
{(0,0),(0,1),(1,0)},{(0,0), (0,1), (1,1)},{(0,0), (1,0), (1, 1)},

{(0,1),(1,0), (1,1)},{(0,0), (0,1), (1,0), (1, 1)} }

() LD, {10, (1 {1}), (£}, B), {0}, { }), ({0}, {0}), ({0}, {1}), ({0}, B)

(1A D, (13 {0)), {13, {1}), {1}, B), (B, { }), (B, {0}), (B, {1}), (B, B)}
13. For example, let A = {1}, B={0,{1}}, and C = {0, {0, {1}}}.

a)
b) For example, let A =0, B = {0}, and C = {0, {0}}.
¢) See parts (a) and (b), for example.

(
(
(
15. (a)
(
(
(
(

(b) Y
) )Y
e) )X =Y

X

0

XNY=Xand XNY £Y
17. X
X

xY =Y xXifand only if X =Y
x Y and Y x X are disjoint if and only if X and Y are disjoint

| Exercise Set 1.6
1. (a)

3Z=1{...,—6,-3,0,3,6,...}
143Z=1{...,—5-2,1,4,7,..}
24+3Z=1...,—4,-1,2,5,8,.. .}

(c) If m? is not a multiple of 3, then m is not a multiple of 3.
(e) If m? is a multiple of 3, then m is a multiple of 3.

Answers

5. The assertion fails when n = 41, since 412 + 41 + 41 = 41(41 + 1 + 1) = 41(43). It also fails

when n = 40, since 402 4 40 + 41 = 40(40 + 1) + 41 = 40(41) + 41 = (40 4 1)41 = 412.

Surprisingly, it holds for all n between 0 and 39.
7. The assertion fails when n = 11, for example.
11. Hint: (a) is false; (b), (c), and (d) are true.
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Exercise Set 1.7‘

Note: In the answer to a given exercise, it is assumed that the formula P(n) has been defined in
the appropriate way and that the induction has been anchored; we focus on the inductive step.

1. The induction hypothesis is that 1 +3+---+ (2k — 1) = k2. To complete the proof, it must be
shown that P(k 4+ 1) holds, namely, that

143+ +Q2k—1)+2k+1) = (k+1)

To show this, add 2k + 1 to both sides of the relation given by the induction hypothesis, and
observe that k2 4+ 2k + 1 = (k + 1)2.

3. For part (b), the induction hypothesis is that 12 +22 + ... + k% = k(k +1)(2k +1)/6. To
complete the proof, it must be shown that P(k + 1) holds, namely, that

2 (k+1)(k+2)(2k+3)

P+22 4+ 4+ k4 (k+1) c

To show this, add (k + 1)? to both sides of the relation given by the induction hypothesis, and then

use algebra to show that

k(k + 1)(2k + 1)
6

(k + 1)(k + 2)(2k + 3)

k+1)? =
+(k+1) 5

5. For part (a), the induction hypothesis is that

1 n 1 n n 1 <9 1

1 4 k2 — k
To complete the proof, it must be shown that P(k + 1) holds; to show this, proceed by
contradiction and suppose to the contrary that P(k + 1) is false, namely, that

RPN S S S
14 k2 (k+1)2 k+1

Then, using the above two inequalities and subtraction, it follows that

1 1 1

Gr12 & k+l

Now multiply both sides of this last inequality by k(k + 1)? and use some algebra to obtain a
contradiction.

For part (b), the induction hypothesis is that

11 1
2+(W+E+--.+ﬁ>>zm

To complete the proof, it must be shown that P(k + 1); to show this, proceed by contradiction and
suppose that P(k 4 1) is false, namely, that

1 1 1 1
24| —=+—4=+ "+ —=+ ——= ) <2VEk+2
(\/T \/5 \/E \/k—l-l)
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Then, using the above two inequalities and subtraction, it follows that

1
—— <2VE+2-2VEk+1
vk+1

Now multiply both sides of this last inequality by /(k 4+ 1) and then use some algebra to obtain a
contradiction.

7. The induction hypothesis is that k! > 2¥. To complete the proof, it must be shown that
P(k + 1); to show this, we proceed by contradiction and suppose that P(k + 1) is false, namely,
that (k+ 1)! < 281 Tt follows that

(k+1)!  2kt!

WS ok

Simplify both sides of this last inequality to obtain a contradiction.
9. The induction hypothesis is that the inequality f(n) < 2™ holds for every integer n, 1 <n < k,
where k represents an arbitrary integer, kK > 2. To complete the proof, it must be shown that
P(k + 1) holds, namely, that f(k + 1) < 2¥*1. To do this, use the recurrence equation
flk+1)= f(k—1)+ f(k), apply the induction hypothesis, and then use some algebra.

11. The induction hypothesis is that
1 1 1 k

et T @ oD@ e D T 211
To complete the proof, it must be shown that P(k + 1) holds, namely, that
1 n 1 T 1 n 1 k41
1(3)  3(5) 2k —1)(2k+1)  (2k+1)(2k+3) 2k+3

To show this, add the fraction 1/[(2k + 1)(2k + 3)] to both sides of the relation given by the
induction hypothesis, and then use some algebra to show that
k n 1 k+1
2k+1  (2k+1)(2k+3) 2k+3

13. For part (a), the induction hypothesis is that 8 | (52¥ 4- 7), where k represents an arbitrary
positive integer. This means that 52 4 7 = 8¢ for some q € Z*. To show that P(k + 1) holds, we
must show that 8 | (52572 4+ 7). To see this, note that

52k+2 17 = 52528 1 7= 24(5%%) 4 528 1 7 = 24(5%%) 4 8¢ = 8(3(5%%) + ¢)

For part (b), the induction hypothesis is that 5| (3%**1 4- 25%1) where k represents an arbitrary
positive integer. This means that 33! 4 28+ = 54 for some ¢ € Z*. To show that P(k + 1)
holds, we must show that 5 | (33%+4 + 2k+1) To see this, note that

33h+4 | gk +2 _ 97(33k+1) (k1) — o5(33k+1)  9(g3k+1y okt1) _ 95(33k+1) 1 104 — 5(5(335+1) 12¢)
For part (c), here’s a hint to use in the inductive step:
(k+1)° — (k+1) = (k° — k) + (5k* + 10k> + 10k? + 5k)
For part (d), here’s a hint to use in the inductive step:

21k 1 = 15(2%%) 4 (2% — 1)
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15. The induction hypothesis is that any integer n, 24 < n < k can be expressed as n = 5z’ + Ty’
for some nonnegative integers =’ and y’, where k represents an arbitrary integer, k¥ > 28. To
complete the proof, it must be shown that P(k + 1) holds, namely, that k + 1 can be expressed as
k 4+ 1 = 5z + Ty for some nonnegative integers x and y. To show this, observe that

k+1=5+ (k—4), and then apply the induction hypothesis to k — 4 (noting that k — 4 > 24).

17. For part (a), we have that h(4) =16, h(5) = 31, h(6) = 61, and h(7) = 109.

For part (b), the induction hypothesis is that the inequality h(n) < 2™ holds for every integer n,
5 <n <k, where k represents an arbitrary integer, £ > 5. To complete the proof, it must be shown
that P(k + 1) holds, namely, that h(k + 1) < 28+, To show this, complete (and justify each step
in ) the following argument:
h(k+1) = h(k) + 3h(k —2)

<2k 4302772

— 2k+1

‘ Chapter 1 Problems

1. (a) If Ralph read the New York Times and watched the Daily Show, then he jogged
three miles.
(b) Either Ralph read the New York Times or he watched the Daily Show, but not both.
(¢) If Ralph did not both read the New York Times and watch the Daily Show, then he
jogged three miles.
(d) If Ralph did not read the New York Times or did not watch the Daily Show, then he
jogged three miles.
(e) If Ralph read the New York Times, then either he watched the Daily Show or jogged
three miles.
(f) If Ralph jogged 3 miles, then he read the New York Times but did not watch the
Daily Show.
(g) Ralph read the New York Times and watched the Daily Show but did not jog
three miles.
(h) If Ralph did not read the New York Times or did watch the Daily Show, then he
jogged three miles.

3. (A)pVvgVvrT (b) AV (BN
() pAGAT (d)pV(@AT)
(e)PVgVT (f)pVva
(8) DV (gAT) (h) pAGAT

7. (apAg (b) pAT
() (pAD ANDAQ) (d)pAgAT



11.

13.

15.

17.
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¢

a
b) Va,dy > zy = 1 is true; Jy > Va,xy = 1 is false.

c
e
g) Jysy>0AVr,logx <y

Answers

If 113 is even, then (11%)? is even.

If (113)? is odd, then 113 is odd.

If (113)? is even, then 113 is even.

If 242 is odd, then 24 is odd.

If 24 is even, then 242 is even.

If 24 is odd, then 242 is odd.

If f(z) =sinz is not differentiable, then it is not continuous.

If f(z) =sinz is continuous, then it is differentiable.

If f(z) =sinz is not continuous, then it is not differentiable.

If 112 # (—=11)2, then 11 # —11.

If 11 = —11, then 112 = (—11)2.

If 11 # —11, then 112 # (—11)2.

If f(1) is not defined, then f is not continuous at z = 1.

If f is continuous at = 1, then f(1) is defined.

If f is not continuous at « = 1, then f(1) is not defined.

If G is not connected or both it has cycles and its order is not one greater than its size,
then G is not a tree.

If G is a tree, then both G is connected and either G has no cycles or its order is one
greater then its size.

If G is not a tree, then either G is not connected or both it has cycles and its order is
not one greater than its size.

a) Vo, xe € R 271 = 2%2 5 g1 = 29

b) (7 is the greatest common divisor of 119 and 154) — Js,t € Z > 7 = 119s + 154¢
c)VneZt,n=1Vnisprimevis,t€Z>1<s<t<nAn=st

d)

3f > f is a functionA f is one-to-oneAVz € R, f(z) #

pVyq (b) =1
q (d) pAT

PAQ VT () (pvgVr)ApAgAT
Vo

,Jy D>y <z is true; Jy 3 Vo, y < x is false.

a)Vy,EIxBxy<3 (b) Iz >Vy,Izdax+y#2

Jroz>0A22 <z (d) Iz >Vz, <z — 27 <27
Ve,z€Q—Ty32y¢QArz+yeQ (f)Iz,y22>0Ay>0AVn,nz <y
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19. (a) Fr,yeR322+y? =1L Va,ye R a? +y? # —1;

For all real numbers z and y, 2% + y? # —1.

(b) IneZtaVzeRz#1—-n>1/(z—1);
VneZt,JzeR3x#1An<1/(z—1);
For every positive integer n, there is some real number z such that z # 1 and
n<1/(x—1).

() Vr,yeR, 222 —2y+5>0;Jz,ye R>22%2 —ay+5<0;
There exist real numbers z and y such that 222 — 2y + 5 < 0.

(d) VeeR,IneZr 32" €cQ;IrcRo3VneZ 2" ¢ Q;
There is some real number x such that, for every positive integer n, ™ is irrational.

() VYmeZ,meO6L— Vs, teZm=12s+ 18t;
ImeZ>meEBLAVs, t€Z,mF#~ 125+ 18t;
There is some integer m such that both m is a multiple of 6 and, for all integers
s and t, m # 12s + 18t.

(f) VeeRT,IGeRT 2|z -2|<d— |22 -4 <¢
JeeRYOIVSeRT |z —2| <A |22 —4| > ¢
There is some positive real number € such that, for every positive real number 9,
both |z — 2| < § and |2? — 4] > .

21. (a) If the relation A is not symmetric, then there exist u,v € V such that u is related to

v but v is not related to w.

(b) If, for all integers s and ¢, 7 # 119s + 154¢, then 7 is not the greatest common
divisor of 119 and 154.

(¢) If, for some real number b, loga # b for every positive real number a, then the
function log x is not onto.

(d) If, for some u,v,w € V, wu is related to v and v is related to w but w is not related to
w, then the relation A is not transitive.

25. (a) R (b) RNW
(c) DNRNW (d) WN(DUR)
(e) RNDNW f) DUWUR

27. (a) DNE (b) BUE
(c) ANDNE (d) An(CuUD)NE

29. The regions numbered 1 through 8 are ANBNC, AN BN C,ANBNC,ANnBNC,
ANBNC,ANBNC,AnBNC, and AN BN C, respectively.
39. Hint: Explicitly, the induction hypothesis is that

1 1 1
=) >
2(1—|—2+ —|—k>_10g2(k—|—2)

To show that P(k 4 1) holds, proceed by contradiction, supposing that P(k + 1) is false; explicitly,
this supposition is that

1 1 1 1
2(T+5+"'+Z+k—+1> < logy(k + 3)
It then follows that

2
e < logy(k + 3) —logy(k +2)
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Using some algebra (particularly, properties of logarithms), it can be shown that the above
inequality is equivalent to the following inequality:

k41
9 < E+3)\ 2
k+2
However, this yields a contradiction, since the function of £ on the right above is increasing and
approaching /e ~ 1.65 as k gets larger and larger.

41. To anchor the induction, show that ¢(n) < (13/7)™ holds for n = 1,2,3. Let k represent an
arbitrary integer, k > 3, and assume that the inequality ¢(n) < (13/7)™ holds for every n,
1 <n <k. To complete the proof, it must be shown that t(k + 1) < (13/7)k¥*1. We proceed as
follows:

tk+1)=t

—~
[\

k—2)+tk—1)+t(k)
k—2 k—1 k
) (7)) (%)
)“@%%)
)
)

A

Il
7~/ N 7 N 7N 7N

g NlE e e NS

|
7N
"
ES
+
=

A

43. Let S be the set of those integers n > 84 such that n = 8z + 13y for some nonnegative integers
2 and y. Anchor the induction by showing that n € S for 84 < n <91 (for example,

84 = 8(4) +13(4)). Let k represent an arbitrary integer, k > 91, and assume n € S for every n,
84 < n < k; explicitly, the induction hypothesis is that every such n can be expressed as

n = 8z’ + 13y’ for some nonnegative integers ' and y’. To complete the proof, it must be shown
that £+ 1 € S, namely, that £ + 1 = 8z + 13y for some nonnegative integers z and y. Note that
k — 7 > 84; hence, by the induction hypothesis, there exist nonnegative integers 2’ and y' such that
k—7=8xz"+13y'. Thus,

k+1=(k-7)+8=(82"+13y) +8=8(z" +1) + 13y

Hence, we can let z =2’ + 1 and y = ¢/'.
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|Exercise Set 2.1 |
1. (a) Note that

MP4+1)2=n*+2n2 +1=4n>+ (n* =202 +1) = 2n)2 + (n® — 1)?

(b) We obtain the triples (6,8, 10), (8, 15,17), (10, 24, 26), (12, 35,37), (14, 48, 50), (16, 63, 65),
(18,80, 82), (20,99, 101), (22, 120, 122), (24, 143, 145). Of these, only (8, 15, 17), (12, 35, 37), (16, 63, 65),
(20,99,101), and (24, 143, 145) are primitive.

(c) For n >3, (2n,n? —1,n% + 1) is a primitive Pythagorean triple if and only if n is even.

(d) Pythagoras’ formula yields a primitive Pythagorean triple (a, b, c) with a odd; for n even,
Plato’s formula yields a primitive Pythagorean triple (a, b, ¢) with a even.

3. Note that

n?+1 27n4+2n2+17 2+n4—2n2+17 2 n?—1\°
2 )~ 1 - 1 - 2
Thus, for n >3, (n, (n? —1)/2, (n?+ 1)/2) is a Pythagorean triple. Moreover, for n odd,
(n? —1)/2 and (n? +1)/2 are consecutive integers, and hence cannot both be multiples of the same
integer m > 1. Hence, (n, (n? —1)/2, (n?+ 1)/2) is primitive.
5. (a)3 (b) 2

(c) 2 (d) 1

|Exercise Set 2.2
Note: We make use of the div and mod notation that is introduced in Exercise 21 of this section.
1.

(a) 297 div 11 = 27, 297 mod 11 = 0 (b) =63 div9 = —7, —63 mod 11 =0
(c) 77div8 =9, 77mod 8 =5 (d) =71 div6 = —12, =71 mod 6 = 1
(e) 35 div —5 = —7, 35 mod —5 = 0 (f) (—39) div (—6) = 7, (—39) mod (—6) = 3

3. For (a), assume a | b and a | ¢. Then there exist integers ¢; and g2 such that b = ag; and
c = aqe. Hence,

be = (ag1)(agz) = a®(q1g2)
This shows that a? | (be).

For (b), assume a | b. Then b = ag for some integer q. Hence, —b = a(—¢q) and b = (—a)(—q).
Therefore, a | (—b) and (—a) | b.

5. For (a), let m be an odd integer. Then m = 2¢ + 1 for some integer ¢q. Hence,
m? = 4(q +¢*) + 1. Letting k = ¢ + ¢2, we see that m is of the form 4k + 1.
For (b), let m be an integer. Then m = 3q + r for some integer ¢ and r € {0,1,2}. So

m? =r? + 6gr + 9¢*

3(3¢%) if =0
=<1+ 3(2gr + 3¢?) ifr=1
1+3(1+2qr+3¢%) ifr=2

2

Thus we see that either m? mod 3 = 0 or m? mod 3 = 1.
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7. Note that each of these numbers yields a remainder of 3 when divided by 4.

9. This is false; a counterexample results by letting a = 6, b = 3, and ¢ = 4.

11. Note that 3m? —1 = 3(m? — 1) + 2. Hence, (3m? — 1) mod 3 = 2. It follows from Exercise 5,
part (b), that 3m? — 1 cannot be a perfect square.

13. Following the hint, we consider three cases. If m mod 3 =0, then 3 | m. If m mod 3 =1,
then there is an integer ¢ such that m =3¢+ 1. Thus, m + 2 =3¢+ 3 = 3(¢ + 1), showing that
3| (m+ 2). Finally, if m mod 3 = 2, then there is some integer ¢ such that m = 3q + 2, in which
case m+1=3(¢+ 1), so that 3| (m + 1).

15. Hint: Consider five cases depending on the value of m mod 5. For example, if m mod 5 = 2,
then (m+4) mod 5 =1, (m+ 8) mod 5 =0, (m+12) mod 5 =4, and (m + 16) mod 5 = 3.

17. For (a), assume m is even, namely, that 2 | m. Then, by part 1 of Theorem 2.3, 2| (mz) for
any integer x, namely, mz is even.

For (b), assume m | n and m and n are both positive. Since m | n, by Theorem 2.3, part 5, we
have that |m| < |n|; since m and n are both positive, this yields that m < n.

23. (a)g1+q2+1
5q1q2 + 3q1 +2q2 + 1

a) 4

c) —4

) =5

25.

=T FrmaT a2t
S~— S— N N S N SN N

i) 2q1 + 3q2 + 3
k) 7q1g2 + 6q1 + 2g2 + 1

a) 1
¢) b—aq <0 — ¢ is too large

—
~— —

(

(

(

(

(

(
27. (a)

(

(

(

(

(

29. (

(
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—aq > a— ¢ is too small

|Exercise Set 2.3

3. (a)d=27,s=1,t=0 (b)
(¢)d=20,s=-35,t=16 (d)

5. This implies that a and b are relatively prime.

7. Hint: Two consecutive odd positive integers can be represented as 2n — 1 and 2n + 1 for some
positive integer n. Clearly, 1 and 3 are relatively prime, so we may assume that n > 2. Now apply
the extended Euclidean algorithm with a =2n —1 and b= 2n + 1.

9. (a) This is false when n = 3, for example.
(b) Hint: Note that 1 = (2n + 1)(—3) + (3n + 2)(2) and apply Corollary 2.9.

11. (a) Hint: Apply the Euclidean algorithm to obtain that ged(n,a) = ged(a mod n, n);
similarly, ged(n, b) = ged(b mod n, n).
(b) This is false; for example, let n =3, a =5, and b= 7.
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13. Hint: Since d is a common divisor of a and b, we have that d < ged(a,b). Then apply the
result of Exercise 4 to obtain that ged(a, b) < d.

15. To prove (a), assume a mod n = b mod n. Then, by the Euclidean algorithm,
ged(n, a) = ged(a mod n,n) = ged(b mod n, n) = ged(n, b)
Part (b) is false; let n =4, a =5, and b = 7, for example.

17. Hint: Use the result of Chapter 1, Problem 4 and apply Theorem 2.6.

19. Hint: The converse is false; let n = 2, n; = 6, and ne = 10, and choose appropriate values for
a and b.

21. 0

|Exercise Set 2.4

1. (a)7 (b) 3
(c) 23 (d) 1601

3. (a)3%-5%.7 (b) 2t .3%.72. 11!
(c) 54 - 172 (d) 3+-5%-19%.307"

13. Note: The relative error is rounded to two decimal places.

n w(n) | [n/lnn] error | relative error
10t 4 5 1 .25
102 25 22 3 12
103 168 145 23 .14
10* 1229 1086 143 12
10° 9592 8686 906 .09
10° 78498 72383 6115 .08
107 664579 620420 44159 07
10% | 5761455 | 5428681 | 332774 .06
107 | 50847334 | 48254942 | 2592392 .05

15. The probability that a 10-digit odd integer chosen at random is prime is approximately 0.09.
17. The probability that a 50-digit odd integer chosen at random is prime is approximately 0.017.
19. (a) p'(k) = p(10) — p(10+1) ~

(9k — 10)10*—1
In10
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Xvi

The relative error is rounded to two decimal places.

(b) Note:
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|Exercise Set 2.5 |

(b) —0=0,-1=5-2=4, -3 =3

(d)171=151=5
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9. (a) 34 (b) 15
(c) 39 (d) 33
(e) 19 (f) 8
11. (a)1 (b) 1
(c) 4
13. (c) (0,0) is the additive identity. (d) Each element is its own inverse.
(g) (0,1) is the multiplicative identity. (h) (0,1)7t = (0,1); (1,0)~1 =(1,1)
15. (a) true (b) false
(c) true (d) false
(e) true (f) false
(g) false (h) false

17. Note: In parts (a), (c), and (e), we list the multiples Oz, 1z, 2z, 3z, 4z, 5z, 6x; this suffices

since, for any integer m and any x € Z7, mx = (m + 7)z. In parts (b), (d), and (f), we list the

powers x°, 21, 22, 23, 2*, x°; this suffices since, for any integer m and any = € Z7, ™ = 2™*6,

(a) 0,6,5,4,3,2,1; note that m(6) = (—m) mod 7

(b) 1,6,1,6, 1,6; note that
1, if m is even

6" = e
6, if m is odd

(c) 0,2,4,6,1,3,5; note that m(2) = (2m) mod 7
(d) 1,2,4,1,2,4; note that
1, ifmmod3=0
2MmM=¢2, ifmmod3 =1
4, if mmod3 =2
(e) 0,3,6,2,5,1,4; note that m(3) = (3m) mod 7
(f) 1,3,2,6,4,5, 1
(g) 5
(h) 5
19. Note: In parts (a) and (c), we list the multiples Oz, 1z, 2z, ..., 16x; this suffices since, for
any integer m and any x € Z17, mx = (m + 17)z. In parts (b) and (d), we list the powers z°, z!,
x?, ..., z'%; this suffices since, for any integer m and any = € Zq7, ™ = ™16,

6,13,1,4,16,13,1,4,16,13,1,4, 16,13
,12,15,1,4,7,10,13,16,2,5,8, 11, 14
0,13,5,15,11,16,14,8,7,4,12,2,6

NN TN N —
N
== O =
W W
© O =
— O

1
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21. Note: We do not show 0 as an operand, since 0 +x =0 =z 4 0 for any = € F.

[

+ 1 ala’la at]a® | a
1 0 |a] af a a® | a* | a2
a a0 a* 1 a? | a® | a®
a? | a® | o 0 a® a a® 1
ad | a 1 a® 0 a® | a® | af
at | d® | a® a a® 0 1 a®
a® | a* | ab | a® | a? 1 0 a
a® | a® | d 1 a* | a® a 0
‘Chapter 2 Problems
L (a)g=T7,1r=9 (b)g=-8,r=4
(C)(]——?,T—g (d)q: 8. r=4
3. (a)q1+1 (b) 1
(c) 3q1 +1 (d) 3
(e) —(g2+1) ()1
(&) a1 +gq2+1 (h) 2
(i) 4q1 — g2+ 1 (G)1
(k) —(6q192 + 5¢1 + 3q2 + 3) 1) 3
5. (a)d=17,s=-7,t=4 (b) d=28,s=-30,t=13
(¢)d=1, s=-2353,t =522 (d) d=18,5s =169, t = —31
(a) 53.71.112.132 (b) 52.73.132.17¢
(a) (b—a)diva=(bdiva)—1 ()(b—a)moda—bmoda

11. Hint: Apply Lemma 2.21 to obtain the following:

k
nmod 3 = (Z[(di mod 3)(10 mod 3)?] mod 3) mod 3
1=0

13. Hint: Assume n = k? = m3 for some k,m € ZT; then, using Lemma 2.21 we obtain:
nmod 7 = (k mod 7)? mod 7 and nmod 7 = (m mod 7)* mod 7

15. Hint: Let d = ged(a, b) and e = ged(ac, be). Then: (1) Use the fact that d is a common
divisor of a and b to show that cd is a common divisor of ac and bc; thus, cd < e. (2) Use the fact
that d can be expressed as a linear combination of @ and b to show that cd can be expressed as a
linear combination of ac and bc; it follows from the result of Exercise 4 of Exercise Set 2.3 and the
result of Exercise 17, part (b), of Exercise Set 2.2 that e < cd.

17. Hint: Use the result of Problem 15.

19. Hint for part (a): Proceed by contradiction, supposing that (a, b, ¢) is a Pythagorean triple
and that both a and b are odd. Then it can easily be argued that c is even. Obtain a
contradiction by comparing the values of ¢? mod 4 and (a? + %) mod 4.

21. Hint: Apply Theorem 2.6.
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23. (a) 2,3 (b) 3, 5
() 2,6,7,8 ) 2, 6,7, 11
25. Hint: In the inductive step, apply the result of Problem 9.
31. Hint for part (a): In Z,, if a® = b?, then p | (a® — b?). Now factor a® — b* and apply Euclid’s
lemma.

33. Hint for part (a): Proceed by contradiction; suppose that a? = pb?. Then p is a factor of a?.
Now look at the canonical factorizations of a? and pb?; argue that p occurs to an even power in one
of them but to an odd power in the other, a contradiction to the uniqueness of canonical
factorizations. See Problem 35, part (a).

35. (a) a is a perfect square if and only if a; is even for each i, 1 <14 < k.

(b) b is a perfect cube if and only if b; is a multiple of 3 for each i, 1 < i < n.
(c) a | b if and only if for each 4, 1 < i < k, p; = ¢; for some j, 1 < j <n, and a; < b;.

37. (b) —0=0,-1=8, -2=7,-3=6, -4=5

(d)17t1=1,2"1=54"1=781=38

|Exercise Set 3.1 |

f2 and f4 are functions; f; and f3 are not.
3. (a) hy is a function; im h; = R

(b) he is a function; im hy = (—o0, 4]

(¢) hs is not a function; for example, (1,—3) € h3 and (1, 3) € hs
(d) hy is a function; im hy = [—3,0]
()
(f)

hs is not a function; for example, (1, —1) € hs and (1, 3) € h;
he is a function; im hg = (0, 1]

|Exercise Set 3.2 |

1. g, p, and c are one-to-one; f and h are not one-to-one; k is one-to-one if and only if n =1
3. f, g, h, k, and c are onto; p is not onto
5. fa, fa, f5, f6, and fs are one-to-one; f1, f3, and f7 are not one-to-one
7. fi, fa, f5, f7, and fg are onto; f2, f3, and fg are not onto
9. fi, fa, f5, fe, and fg are one-to-one; fo, f3, f7, fs, and fp are not one-to-one
11. f1, fa, f5, and fg are onto; fo, f3, f7, fs, fo, and fy are not onto
13 (a) f(@) = (b) f(x) = 22
(c) the functlon fr of Exercise 5 d) f(z) ==
15. (a) f(z) = (b) f(z) =x/2
(c) ()—233—1 (d) f(z) ==



17. (a) fl(A> = {2a3}a ffl(B) = {1a3a4}
(b) f2(A) ={1,3}, f, '(B) = {2}
(c) f3(A) ={2}, f3"(B) = {2,4}
(d) fa(A) ={4} = 1, '(B)
(e) f5(A) = Aa fgl(B) = { . 'a_3a _2a _1}
(f) fo(A) =1{2,4,6,...}, fi'(B) ={...—6,—4,-2,0}UZ*
(2) fr(A) =2Z*, f71(B) ={3,4,7,8,11,12,.. .}

| Exercise Set 3.3 |

Lo(a) fit: Q=@ fil(2) = (¢ —2)/4
(b) f;': Q=2 = Q—A{1}; fy ' (z) = 2/(x - 2)
(© fs'=1s
(d) fi': Zsg — Zao; fi ' (x) =8 (x437)
() fst: Z—7Z; fst(m)=m—1
(f) ;' {0,1,2,3,...} — Z; f; '(m) = (_”;J;W i:iz zjjn
(g) f’;l: {1a2a3a4}—>{1a2a3a4};f;1(1) :2af;1(2) :3af;1(3) :4af;1(4) =1
(h) fgl: {1a2a3a4}—>{1a2a3a4};fg1(1):3afg1(2):4afgl(3):1afg1(4):2
3. (a)gof: Z— Q% (gof)(m)=1/(Im|+1)
(b) go f: R—(0,1); (go f)(x) = 2?/(2* +1)
(c)gof: Q—{2} = Q—{0}; (go f)(z) =z -2
(d) gof: R—[0,00); (90 f)(z) = |z]
(e) gof: Q—{10/3} = Q —{2}; (go f)(r) = (6r —14)/(3r — 10)
(f)ygof: Z—17Zs; (go f)(m) =(m+1) mod5
(8) go f: Zs — Zg; (go f)(m) =0
(h) h=go f: {1,2,3,4} — {1,2,3,4}; h(1) = 2,h(2) =3,h(3) =4,h(4) =1
5. (a) All are functions on Z: f~'(m)=m —1, g *(m) =2 —m,

(Fog)m)=3—m,(fog) " (m)=3—m= (g o f~1)(m)

(b) All are functions on Z7: f~1(m) = m +4, g7t(m) = 4-m, (fog)(m) =

(fog)1(m) =4~ (m+4) = (g~ 0 f1)(m)
(c) All are functions on {1,2,3,4}:f7}(1) =2, f~1(2) = 3,
9 (1) =392 =493 =19"'4) =2 (fog)(1)
(feg)d)=1;(fog) (1) =4= (g7 o 1)), (fog)™(
2=(g7"ofN)B), (fog) ' (@) =3=(g""of ")
d) All are functions on {1,2,3,4}: f~1(1)
71(2) =4, 971(3) =2, 971(4) = 3; (fog

~
o
S~—"
~—
S~—

All are functions on Q: f~!(z) = z/
(x 4E 6)/2= (g7 o f71)(2)

-~

(x+1)/(x=1), (fog) H(z)=(+1)/(z-1) = (g7 o f)()

4L ) =1f70)=3 1) =241
g J1) =2, (feg)2) =3, (fog)B) =1, (fog)4)
(fog)t(1) =3, (fog) ' (2) =1, (fog)'(3) =2, (fog)™'(4) =4 Again, (fog)™ ' =g " of"

e) g7 x) =22+3, (fog)(z) =2(x—3), (fog) " (x)

f) All are functions on Q — {1}: f~'(z) = (z +1)/2, g7 (z) = z/(x — 1), (f o g9)(z)
1

Answers
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7. (@) (gof)lm) =1-m=(f"tog™)(m)
2 (m+3), (f tog H(m ) (4- m)+4

(b) (g0 f)(m) =

(c) (gof)(1) = 2, (gof)(2) =3, (9o£)(3) =4, (gof)(4) = 1; (fTTog™1)(1) =4, (frog™1)(2) =1,
(fTtog™)B) =2, (fTlog H)(4) =3

(d) (gof)(1) =3, (gof)(2) = 2,(90f)(3) =4, (9of)(4) = 1; (f7rog™H)(1) =4, (flog™1)(2) = 2,
(fTtog™)B) =1, (fTtog H)(4) =3

(e) (go f)(x) = (4z = 3)/2, (f~ o g™ H)(x) = (22 +3)/4

() (9o @) =2z - 1)/(2x—2) = (f"1og™)(2)
9. (a) (f o f)(z) =the maternal grandmother of x

(b) (f 0 9)(@) = ()

(¢) (g o f)(z) =the eldest sibling of z

() (g0 9)(x) = g(x)

11. Since f~! is a function from Y to X, (f~!)~! is a function from X to Y. Thus, f and
(f~1)~! have the same domain and codomain. Let x € X and suppose f(z) =vy. Then

f~Y(y) = x, and it follows that (f~1)~!(z) = y. Thus, for any x € X, we have shown that
(f~YH~"Y(=x) = f(x), and it follows that (f~1)~! = f.

13. It is easy to verify that both (go f)~! and f~! o g~! have domain Z and codomain X. Thus,
to complete the proof, it must be shown that (go f)™1(2) = (f~1 o g71)(2) for any z € Z.

Suppose (go f)~1(z) =x. Then (go f)(x) = z. Letting y = f(x), we have that

z=g(f(z)) = g(y). Now then,

(fTog ) =fg () ="y =2=(90)""(2)

as was to be shown.

‘Chapter 3 Problems‘
1. (a) For z1,z2 € R,

f(xl):f(332)—>$i’+2:$g+2—>xi’:$g—>xl:3;2
Thus, f is one-to-one. Also, for y € R, ¢/y —2 € R, and f(¥/y —2) =y. Thus, f is onto.

(b) f~': R — R is defined by f~1(y) = ¢y — 2.
(¢c) No; f would no longer be onto. For example, 4 would have no preimage under f.

3. (a) For z1,29 € R,
flx1) = fx2) m4x1+ 1 =4dao + 1 — 4oy = 4ay — 21 = 9
Thus, f is one-to-one. Also, for y € R, (y —1)/4 € R and f((y —1)/4) =y. Thus, f is onto.
(b) f~': R — R is defined by f~1(y) = (y — 1)/4.

(¢) Yes, note that, for any y € Q, (y —1)/4 € Q, so f would still be onto.
(d) No; f would no longer be onto. For example, 2 would have no preimage under f.
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5. (a) We show that if f is increasing, then f is one-to-one; the proof that a decreasing function is
one-to-one is analogous. Assume f is increasing. Then, for z1,z2 € X,

z1 # 2 — (v1 < @2 0or 22 < 1) — (fz1) < f(22) or fz2) < f(21)) — f(21) # f(22)
This shows that f is one-to-one.
(b) For z1, 22 € (—1,1),
21 < 29 — 1(1 + 2122) < 22(1 + 2122)
— T+ 3:%3:2 < 9 + 3:1333
— r1 — 3:1333 < To — 3:%3:2
— 21(1 — 23) < 22(1 — 23)

X1 Xro
1—22 <1_—$§—>f(331)<f(332)

This shows that f is increasing, and it follows by the result of part (a) that f is one-to-one.
(c) Following the hint, note that ¢/(z) = 32% + 1 > 0 for all z. It follows that g is increasing,
and hence that g is one-to-one.

7. (a) (fog)(m)=2m+1
(b) (go f)(m) =2(m +1)

1 if m is even
h =
() (f o h)(m) {2 if m is odd
1 if m is even
d) (h =
(@) (o f)(m) {0 if m is odd
(e) (g 0 h)(m) 2 if m is even
oh)(m) =
g 0 ifm isodd
(f) (hog)(m) =1
(2) (gog)(m) =4m
(h) (ho fog)(m)=
9. Note that, in the field Zq19, 1571 = 8. Thus, for =1, 22 € Z1i19,

flx1) = f(x2) = 1521 =15 - 29
— 8- (15-x1) = 8- (15 x9)
— (8-15) - xy = (8-15) - x4
—1-21=1 29

— 1 = T2

Thus, f is one-to-one. Then, by Theorem 3.1, part 4, f is also onto. Moreover, we see that
fil : leg — leg is defined by fﬁl(y) =8- Y.

11. (a)gof: Q—{1/4} = Q—{3/2}; (go f)(z) = (1 —6x)/(1 — 4x)

b) (go f)~': Q—{3/2} = Q—{1/4}; (go f)""(x) = (1 —x)/(6 — 4x)
o) [ Q—{0} = Q—{1/4}; fH(z) = —(x +1)/4

d) gt Q—{3/2} - Q—{0}; g7 (x) =1/(3 — 2x)

e) f[Tlogt=(gof)!

P
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13. (a) f(x) =0 (b) flz) =x+1

(c) f(z) = 4a? (d) f(z) =2z +2
15, (a) () =0 (b) f(x) = /4

r—1 0<x<2

© f(x)—{?)_x oot (@ J@) = (e~ 2)/2
17. Define f: (0,1) — (¢,d) by f(z) = (d —c)x +c.
19. Define f: (a,b) — (¢, d) by

fa) = _bC)_(Z_ JI

21. Define f: Z — 27Z by f(m) = 2m.
23. Define f: 1+2Z — 3Z" by

3z if 2 >0
f(x)_{—33:—|—3 iz <0

25. (a) For mi,ms € Z,
f(m1) = f(m2) — 5my +2 =5ma + 2 — 5my = 5ma — my = ma
Thus, f is one-to-one.
(b) Note that im f =2+ 5Z C Z, so f is not onto; in particular, 0 has no preimage under f.
(¢) f(2Z) =2 +10Z = {...,—18,-8,2,12,22,.. .}
(d) f71(3Z%) = -1+3Z" ={2,5,8,...}
27. (a) f is not one-to-one; for example, f(—1) =2 = f(1).

(b) Fory € [1,00), vy —1 € Rand f(v/y —1) =y. Therefore, f is onto.

29. (a)gof: R—{1} = R—{1}; (9o f)(x) = (+° +7)/(a* = 5)
(b) (go )T+ R—{1} =R {1} (g0 f)~ () = V/(By +7)/(y — 1)
(c) fog: R—{2} =R —{2}; (fog)(x) = (82° — 142 + 28z — 56)/[6(z — 2)?]

(d) (fog)™" R—{2} - R—{2}

286y — 7

(feg) )= (9" o f)(y) = o1
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Exercise Set 4.1

1.

We give the adjacency matrices only.

OO = =
O = O =
— = =

1
@ [o
0

T
O O = O
O = O O
I»—‘OOO

o O O -
o O O -
OO = =

1
© |
0

3. The adjacency matrix is

|Exercise Set 4.2

1.

o w

(a) reflexive, antisymmetric, transitive
b) irreflexive, antisymmetric, transitive
¢) reflexive, symmetric, antisymmetric, transitive

d) irreflexive, symmetric
e) none
(f) irreflexive, symmetric

(
(
(
(

irreflexive, antisymmetric, transitive

(a) reflexive, symmetric

b) irreflexive, antisymmetric, transitive

¢) reflexive, symmetric
d) reflexive, symmetric, transitive
e) none

(

(

(

(

(a) reflexive, symmetric, transitive
(b) irreflexive, antisymmetric

(c) reflexive, transitive

(d) reflexive, symmetric, transitive
(
(

a) reflexive, symmetric
b) reflexive, symmetric

OO OO oo

OO OO O

OO OO ==

OO OO O

O O OO

—_ == O

— O = O

SO = O = =

o oo

—= = O =

O = O =

O =

— O == OO = =

— O = O

O = = O ==

O = O

Answers
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11.

13.

15.

reflexive, symmetric, transitive
reflexive, symmetric, transitive
reflexive, symmetric, transitive
irreflexive, symmetric
symmetric

symmetric, transitive

reflexive, antisymmetric, transitive
reflexive, symmetric, transitive
reflexive, transitive

irreflexive, symmetric

reflexive, symmetric, transitive
symmetric

reflexive, transitive

irreflexive, symmetric

reflexive, symmetric, transitive
irreflexive, antisymmetric, transitive
e) reflexive, antisymmetric, transitive
f) none

| Exercise Set 4.3 |

© N oL =

17.

[1]={1,3,5}=[3] = [5]; [2] = {2,4} = [4]
2] = 27+; [1] = 1 + 22+

0] = 2Z; [1] = 1+ 2Z

0] = 3Z; [1] = 1+ 3%Z; [2] = 2+ 3Z

The relation of part (c) is the only equivalence relation; [1] = {1}; [2] = {2, 3,4}.

11 2] = {2}; 3] = {1,3}; 4] = {0,4}; [5] = {-1,5}; ...
13.

(b) [0] =10, {2}, {4}, {2, 4}}
{13 = {{1},{1,2},{1,4},{1,2,4}}
{{3}] ={{3},{2,3},{3,4},{2,3,4}}

{1,3}] = {{1,3},{1,2,3},{1,3,4},{1,2,3,4}}

(a) Since 0 is an integer, it follows that ~ is reflexive. Next, for z,y € Z,

x~y—r—yeEl——(xr—y) €€l —-y—cs€Z—y~x

Thus, ~ is symmetric. And, for x,y, z € Z,

Hence, ~ is transitive.

(b) [0] = Z
(c) [1/2] =3 +Z
A [H=t+z

)
{2,4,6} x {2,4,6})

(a) Iv

(b) IV U {(253)5 (352)5 (455)5 (554 5(657)5 (756>}
(c) ({1,3,5,7} x {1,3,5, 7} U (

(d) VxV

Therefore, ~ is an equivalence relation.

XXV

(z~yandy~z) > (z—y€Zandy—z2€Z)—(z—y)+(y—2)€Z >z —2€L—x~2
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19. (a) Yes, it is an equivalence relation; [(a, )] is the line y = = + (b — a).

(a— 1)+ 2.

¢) No, it is not an equivalence relation.

d) Yes; [(0,0)] = {(0,0)}; for (a,b) # (0,0), [(a,d)] is the square with vertices at (r,0), (0,r),
0), and (0, —r), where r = |a|+]b|.

e) Yes; [(0,0)] = {(z,y) | x =0 or y = 0}; for ab # 0, [(a, b)] is the hyperbola y = ab/x.

(b) Yes; [(1,0)] = {(1,0)}; for (a,b) # (1,0), [(a,b)] is the circle centered at (1,0) with radius
1

(
(
(—r
(

‘ Chapter 4 Problems‘

1. (a) # (b) <

(¢) {(m,n)||m—n| <1} (d) {(m,n) | n is a multiple of m}
3. (a) reflexive, transitive (b) symmetric, transitive

(¢) symmetric, transitive (d) symmetric

(e) symmetric, transitive (f) symmetric

5. (a) Since, for any z € RT, /2 = 1 € QT, we have x ~ x and hence ~ is reflexive. Next, for
z,y € RY,
s~y —afyeQt = 1/(z/y) €Q" —y/zeQf sy ~a

This shows that ~ is symmetric. Finally, for z,y, 2 € RT,
(z~yandy~2) — (z/y € Q" and y/2 € Q*) — (2/y)(y/2) € Q" —2/2€ Q" —a ~ 2
Thus, ~ is transitive.

(b) We have,
N={zeRT|z~1}={zeR"|2/1cQ"}=Q"

(¢) For an irrational number ¢, 0 < ¢ < 1, we find that
[t]={zeR" |z/tcQT}={reR" |zctQ"} =tQ"

7. (a) Since, for any x € Z, 2z + 3x = 5z is a multiple of 5, we have x ~ = and hence ~ is
reflexive. Next, for z,y € RT,

x~y—5](2x+3y) —=5]|[(5x+5y) — (2x+3y)] —=5]| Bx+2y) —y~=z
This shows that ~ is symmetric. Finally, for z,y, 2 € RT,

(x~yandy~z)— (5] (2x +3y) and 5 | (2y + 3z))
— 5| [(2z+ 3y) + (2y + 32) — 5y
— 5| 2z + 32)

— I~ Z

Thus, ~ is transitive.
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(b) We have,
0)={z |z ~0}={x |2z is a multiple of 5} = 5Z
1]={z|x~1} ={z|2z+ 3 is amultiple of 5} = 1 + 5Z

x|x~3}={x|2x+9is a multiple of 5} = 3+ 5Z

=1
J={
]={x |z ~2} ={x]|2x+ 6 is a multiple of 5} = 2+ 5Z
J={
|={x |z ~4} = {x | 22 + 12 is a multiple of 5} =4 4 5Z

9. Ouly (a), (c), (e), and (k) are true.

11. (a) Let (my,n1), (ma,n2), (ms,ng) € Z x Z*. Clearly (mq,n1) ~ (my,n1), since

min; = mini. So ~ is reflexive. Next, if (m1,n1) ~ (m2, na), then mins = maon,. Hence,
maoni = ming, which implies that (mz, ng) ~ (m1,n1). Therefore, ~ is symmetric. Finally, if
(m1,n1) ~ (Mg, n2) and (ma, n2) ~ (ms, ng), then ming = mony and maons = msns. Hence,
minaMeong = Monimange. Now then, if mo =0, then m; =0 and mgz = 0, and it follows that
(m1,n1) ~ (m3,n3). On the other hand, if mg # 0, then mins = mgn1, and again it follows that
(m1,mn1) ~ (ms3,n3). This shows that ~ is transitive.

(b) [(m,n)] = {(m/,n’) |the fractions m'/n’ and m/n are equivalent}

13. (b) Let ny,n2,n3 € Z*. Clearly, ny | n1, so that divides is reflexive. Next, suppose that

ny | ng and ng | n1. Then, by Theorem 2.3, part 4, we have ny = ny. This shows that divides is
antisymmetric. Finally, if ny | no and ns | ns, then by Theorem 2.3, part 2, n; | ns; thus, divides
is transitive.

(¢) For example, 2 | (—2) and (—2) | 2, so that divides on Z is not antisymmetric.

15. (a) Let u,v,w € QT. Since u/u =1 € ZT, we have u =< u; hence, < is reflexive. Next, if
u # v, then
u=v—vucZt—{1} mu/vg Zt - v u

This shows that < is antisymmetric. Finally,
u=vand v =w—v/u€Z and w/v € Z* — (v/u)(w/v) € ZT - w/u € ZT wu < w
Hence, < is transitive.
(b) Note that, if x,y € ZT, then y/x € Z* if and only if z | y.

17. Hint: To show antisymmetry, let (m,n1), (ma,n2) € V, and suppose that both

(m1,n1) <X (ma,n2) and (ma, n2) < (m1,n1). Then mings < maony and mony < ming. It follows
that mins = maoni. From this,  use the fact that ged(mq,n1) =1 to show that both my | ma
and mg | my. It follows that m1 = my. In a similar way it can be shown that nqy = na. Hence,
(mq,nq (ma, n2), showing that < is antisymmetric.

) =
19. (a) (1/2)Z

(b) 1/4+ (1/2)Z
21. (b) 2Z

(c)1+2

(d) (1/2) + 27
23. (b) (1/r)Z

(¢) t+ (1/r)Z
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(d) From part (c), we see that if r = 1/n, n € Z*, and t € {0,1,...,n — 1}, then
[t]=t+nZ

So the equivalence classes for ~ restricted to Z are precisely those of the relation congruence modulo
n. Thus, ~ restricted to Z and congruence modulo n must be the same relation.

25. (a) Suppose, to the contrary, that A is not antisymmetric. Then there exist distinct elements
uw and v in V such that (u,v) € A and (v,u) € A. Since A is transitive, this implies that
(u,u) € A, but this contradicts the fact that A is irreflexive.

27. (a) Let u,v,w € Z— {0}. If u < v and v < u, then (2u) | v and (2v) | u. It follows that there
exist integers ¢; and g2 such that v = 2uq; and v = 2vge. Hence, u = 4uqi g2, which implies that
1 =4q1q2. But this is clearly a contradiction, which shows that < is antisymmetric. Secondly, if
u < v and v < w, then (2u) | v and (2v) | w. Hence, there exist integers ¢; and g2 such that

v =2uq; and w = 2vqy. Thus, w = (2u)(2¢1g2), which shows that (2u) | w. Therefore, < is
transitive.

(b) From the result of Problem 25, the relation < defined on Z — {0} by
m<n<m=nor (m#nand (2m) | n)

is a partial order relation.

Exercise Set 5.1

1. The only two Latin squares of order 2 are

0 1 10

pof e
These are not orthogonal to each other and neither one is orthogonal to itself.
3. (a)

01 2 3 4 01 2 3 4
1 2 3 4 0 2 3 4 01
R=1|2 3 4 0 1 and S=14 01 2 3
34 0 1 2 1 2 3 40
4 01 2 3 34 0 1 2

5. Denote the ranks and suits using the integers 0, 1, 2, 3, where jack= 0, queen= 1, king= 2,
ace= 3, and clubs= 0, diamonds= 1, hearts= 2, spades= 3.

(a) Ome can use the Graeco-Latin square of order 4 in Figure 5.4 (b).
(b)

( ) (2 )
( ) (0, )
( ) (1 )
( ) 3 )
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|Exercise Set 5.2

1. 70
3. (a) 10°
(c) 92107
5. (a) 34632
(c) 47309184
(e) 47342880
7. (a) 7311616
(c) 28561
(e) 519168
9. (a)27 (b) 12
11.  (a) 3125
(c) 1200
13.  (a) 9000
(c) 2673
(e) 90
15.  (a) 1296
17. (a) 125000
19. (a) 16807
(c) 0
(e) 10663

|Exercise Set 5.3
1. 210
3. (a)6

(c) 720
5 n>10
7. (a) 40320
9. (a) 1035
11.  (a) 720

(c) 20

13. 8008
15. 685464

XXIX

9
10*
1280448
33696

(b) 2313441
(d) 114244
(f) 4998175

(©) 7

(b) 210
(d) 360

(b) 1373568
(b) 576
(b) 120
(d) 64

17. 720 (assuming the orientation of the keys is not important)

19. (a) 1098240

21.
23.
25.
27.

128 (b) 35

(b) 225225

(b) 54912
(d) 36
(f) 5112

(b) (n—1)1/2
(c) 525525



XXX
29. 2520

31. 24676704

35.  (a) n™ (b) P(n,m)
37. () Cm+4+n—-1,n—-1) (b) C(n,m

| Exercise Set 5.4 |

1. 6188
3. 495
5. (a) 279936 (b) 15120
(c) 210 (d) 1890
7. (a) 16777216 (b) 455
(¢) 10670040 (d) 165
(e) 369600 (f) 1
9. (a) C(52;5,5,5,5,32)
(b) C(4;1,1,1,1)C(48:4,4,4, 4, 32)
(c) C(13,5)*
11.  (a) 14080 (b) 1344 (c) 64
13. 252
15. (2n)!/(2"nl)
17.  (a) C(35,25) (b) C(26,3)C(9,2) (c) C(26,10)
19.  (a) 46376 (b) 27351 (c) 3876

21. C(m1+5,5)C(ma+1,1)

|Exercise Set 5.5 |
3. (a) (x+19)° = 2° + 52ty + 1023y? + 1022y + 5zy* + ¢°

(b) (z + %)% = 25 + 625y + 152%y? + 2023y> + 152%y* + 629° + o8

(c) 27 + 2125y + 189x°y? + 945x%y> + 283523y* + 51032%y° + 5103295 + 2187y
7. (a) 1365 (b) 13440

(c) —48384 (d) 4
9. (a) C(13,5) (b) (12 6)

(c) 210 (d)9-28
17. (b) 1 +r)™
19. (n+1)2"
25.  (a) 12600 (b) 504

(c) —967680 (d) 49

‘Chapter 5 Problems
1. (a) 120 (b) 84
3. 11550

Answers
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5. (a) C(8,3)25°
(b) C(8,3)5215 + C'(8,4)5%214
(c) P(26,8)
(d) 258 + C(8,2)255 + C(8,4)25* + C(8,6)252 + 1
7. (a) 8568 (b) 4806
(c) 7098 (d) 2184
9. (a) 288 (b) 360
(c) 3039 (d) 2925
11.  (a) P(26,26) (b) P(21,21)P(22,5)
(c) P(25,25) (d) P(20,20)P(21,5)
13.  (a) 495 (b) 105
19.  (a) 362880 (b) 22680
(c) 1680 (d) 36
21.  (a) 84 (b) 35
27. 43750
29. —99
31, (a)1 721353521 7 1
(b) 1 82856705628 8 1
55.  (a) 165 (b) 35
(c) 65536 (d) 6652800
(e) 1411200 (f) 40320

57. 26345088000
59. 479001600

XXXi



